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1. NOTATIONS AND ASSUMPTIONS

In the whole document, N() denotes rounding to nearest, Z() rounding toward zero, A()
rounding toward positive infinity, 5/ () rounding toward negative infinity, and o() any of those
four rounding modes.

In the whole document, except special notice, all variables are assumed to have the same
precision, usually denoted p.

2. ERROR CALCULUS

Let p — the working precision — be a positive integer (considered fixed in the following).
We write any nonzero real number z in the form « = m-2¢ with § < |m| < 1 and e := Exp(z),
and we define ulp(z) := 2®P®~?  Any time a number appears in a ulp, it is implicitly
assumed to be nonzero. Unless specified otherwise, when rounding is involved, one also

assumes that no underflows nor overflows occur.
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2.1. Ulp calculus.

Rule 1. 277|z| < ulp(z) < 2'77|z|.

Proof. Obvious from z = m - 2¢ with § < |m| < 1. O
Rule 2. If a and b have same precision p, and |a| < |b|, then ulp(a) < ulp(b).

Proof. Write a = m, - 2° and b = m; - 2. Then |a| < |b| implies e, < e, thus ulp(a) =
2¢e=P < 2%7P = ulp(b). O

Rule 3. For any © # 0 and any rounding mode o(-), we have ulp(z) < ulp(o(z)), and
equality holds when rounding toward zero, toward —oo for x > 0, or toward +oo for x < 0.

Proof. Without loss of generality, assume z > 0. Since z € [2°71, 2¢[ and both 27! and 2°¢ are
exactly representable, one has o(z) € [2¢7!, 2¢], and in rounding toward zero, o(z) € [2¢71,2¢].
For any x,y € [2¢7!,2¢], one has ulp(z) = ulp(y) = ulp(2¢~!) < ulp(2¢). QED. O

Rule 4. Let z be a real number, and y = o(z). Then |z—y| < julp(z) < tulp(y) in rounding
to nearest, and |x — y| < ulp(z) < ulp(y) in the other rounding modes.

Proof. In the binade [2¢7! 2¢], the distance between two consecutive machine numbers is

ulp(z). Hence |z —y| < ¢ ulp(z) with ¢ = § in rounding to nearest and ¢ = 1 in the other

rounding modes. And ulp(z) < ulp(y) from Rule 3] which completes the proof. O
Rule 5. ulp(2¥a) = 2*ulp(a).

Proof. Easy: if a = my, - 2%, then 2Fa = m, - 26*F, O
Rule 6. 3|a| - ulp(b) < ulp(ab) < 2|a| - ulp(b).

Proof. Let e be the exponent of a, i.e., 2°7* < |a] < 2°. Then |a| - ulp(b) < 32° - ulp(b) =
ulp(2°71h) < ulp(ab). The other inequality is actually equivalent: replace a by % and b by
ab. 0

Rule 7. Let x be a nonzero real number, o(-) be any rounding, and u := o(x). Then
Hlu| < |z| < 2|ul.

Proof. Since no underflows nor overflows occur, u is finite and nonzero. Assume |z| > 2|ul.
Then 2u is another representable number, which is closer from z than u, which leads to a
contradiction. The same argument proves 3|u| < |z. O

Rule 8. 1|a| - ulp(1) < ulp(a) < |a] - ulp(1).

Proof. The left inequality comes from Rule [f] with b = 1, and the right one from |ajulp(1) >
2442177 = ulp(a). O
Rule 9.

+

For error(u) < kyulp(u), u.c, <z <u.c,

with ¢, =1—k,2""? and ¢ =1+ k,2'?
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For uw=o(z), w.c, <z <u.ch

if uw=A(z), then ¢ =1

if u=</(x), thenc, =1

if for x <0 and u = Z(z), then ¢
if for x > 0 and v = Z(z), then ¢
else c;, =1—2"Pand ¢/ =1+2"7

2.2. Relative error analysis. Another way to get a bound on the error, is to bound
the relative error. This is sometimes easier than using the “ulp calculus” especially when
performing only multiplications or divisions.

Rule 10. If u := o,(z), then we can write both:
u=x(l+6), x =u(l+6y),
where 0;] < 277 for rounding to nearest, and |0;] < 2'7P for directed rounding.

Proof. This is a simple consequence of Rule . For rounding to nearest, we have |u — x| <
tulp(t) for t = w or ¢ = z, hence by Rule [l] |u — x| < 277. O

Rule 11. Assume x1,...,x, are n floating-point numbers in precision p, and we compute
an approrimation of their product with the following sequence of operations: uy, = x1,us =
o(u122), .« ., Up = o(Up_12,). If rounding away from zero, the total rounding error is bounded
by 2(n — 1)ulp(u,).

Proof. We can write u1xs = ua(1l — 0s), ..., up 17, = u,(l —6,), where 0 < §; < 2177
We get 7129... 7, = up(l —6)...(1 —6,), which we can write u,(1 — )" ! for some
0 < 6 < 2P by the intermediate value theorem. Since 1 —nt < (1 — )" < 1, we get
2129 . .. Ty — | < (n— 1)27P|u,| < 2(n — 1)ulp(u,) by Rule ] O

2.3. Generic error of addition/subtraction. We want to compute the generic error of
the subtraction, the following rules apply to addition too.

Note:  error(u) < k,ulp(u), error(v) < k, ulp(v)

Note:  ulp(w) =2°7P ulp(u) =2°7P ulp(v) =27P with p the precision
ulp(u) = 247 ~P ulp(v) = 2d/+ew’p, with d=e, —e, d =e, — e,
error(w) < ¢pulp(w) + kyulp(u) + kyulp(v)
= (cp+ k2% + kv2d/)u1p(w)
If (>0 and v>0) or (u<0 and v <0)

error(w) < (¢y + ky + ky) ulp(w)

1
Note: If w=MN(u+v) then ¢, = 5 else ¢, =1



2.4. Generic error of multiplication. We want to compute the generic error of the mul-
tiplication. We assume here u,v > 0 are approximations of exact values respectively x and
y, with |u — z| < k, ulp(u) and |v — y| < k, ulp(v).

w = o(uv)

error(w) = |w — xy|
< |w —uv| + |uv — zy|
1
< cpulp(w) + §[|uv —uy| + |uy — zy| + |uv — zv| + |z — 2Y|]
< epulp(w) + #kvulp(v) + %kuulp(u)
1 - 1 +
< cpulp(w) + u(+cu>kzvulp(v) + W!{:uulp(u) [Rule 9]
< cpulp(w) + (1 + ¢} )kpulp(uv) + (1 + ¢ )kyulp(uv)  [Rule [f]
< Jew+ (L4 ¢D)ky + (14 ¢ )kyJulp(w)  [Rule [3]

1
Note:  If w= N(uv) then ¢, = 3 else ¢, =1

2.5. Generic error of inverse. We want to compute the generic error of the inverse. We
assume u > 0.

1
w = O(a)
Note: error(u) < k, ulp(u)
() = o
error(w) = |w——
x
1 1 1
< Jw——|+]=—~
U x
1
< cypulp(w) + —|u — x|
< cpulp(w) + —ulp(u)

Note: ° <z [Rulef7]
Cy,
for u =<7(z), ¢, =1 else ¢, =2

1 1
then: — <¢,—
x ; u



Ky
error(w) < eyulp(w) + ¢, —ulp(u)
u

< epulp(w) + 2.cu.kuulp(%) [Rule [f]
< [ew + 2.¢4.ky ) ulp(w)  [Rule 3]

1 1
Note:  If w=N(=) then ¢, = 5 else ¢, =1
u

2.6. Generic error of division. We want to compute the generic error of the division.
Without loss of generality, we assume all variables are positive.

w = of%)
v
Note: error(u) < k, ulp(u), error(v) < k, ulp(v)
error(w) = |w— f[
u, U T
< =Yt
v vy
1
< cypulp(w) + —|uy — vz|
vy
1
< cpulp(w) + @Huy —ay| + vy — va]]
1
< epulp(w) + —[ykyulp(u) + zk,ulp(v)]
vy
= cypulp(w) + —ulp(u) + ——ulp(v)
ulp(u) u
Note: <2ulp(—) [Rulelf]
v v

Note:  z < c,u and ad <y [Rulel7]
c

with for u = A(z), ¢, = 1 else ¢, =2
\Y

(z),
(y), ¢, =1 else ¢, =2

T u
then: — <c¢,c,—
Y v

and for v =

IN

Ky
error(w) cpulp(w) + 2.k ulp(w) + cu.cv.v—:ulp(v)

A

cpulp(w) + 2.k ulp(w) + 2.cu.cv.kvulp(%) [Rule []

[Cw + 2.y + 2.¢y.¢y. K] ulp(w)  [Rule 3]
6
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1
Note: If w= N(E) then ¢, = 5 else ¢, =1
v

Note that we can obtain a slightly different result by writing uy — vz = (uy —uv) + (uv — vz)
instead of (uy — zy) + (xy — vx).
Another result can be obtained using a relative error analysis. Assume x = u(1+6,,) and
=v(1+6,). Then |} —2| < i|uy—uv| +$|uv—xv| = 2(|0u] +16,]). If v <y and § < w,

this is bounded by w(|0.| + |6,]).-

2.7. Generic error of square root. We want to compute the generic error of the square
root of a floating-point number w, itself an approximation to a real z, with |u—z| < k,ulp(u).
If v = o(y/u), then:

error(v) = o — V2l < Jv— vl + Vi - Val
1
< ¢uulp(v) + mm — x|

1
cyulp(v) + mk‘uulp(u)

IN

Since by Rule|§|we have u.c, < z, it follows \/EJlr\/ﬁ < \/ﬂ.(li\/z):

error(v) < cuulp(v) +

1
k,ulp(u
NCATEBY M
< cwlp(v)#—%k’uulp(\/ﬂ) [Rule [f]

Cy

2k,

Ve

If w is less than 2, we have ¢, = 1 and we get the simpler formula |v — /x| < (¢, + k&, )ulp(v).

(co + Julp(v).  [Rule |3

2.8. Generic error of the exponential. We want to compute the generic error of the
exponential.

v = o(e")
Note: error(u) < k, ulp(u)
error(v) = |v— €7
v —e"| + |e" — e”|

<
< cuulp(v) + €'|u — x| with Rolle’s theorem, for ¢ € [z, u] or t € [u, 7]

coulp(v) + ¢ ek, ulp(u)
coulp(v) + 2ciuk,ulp(e”)  [Rule [6]
(cy + 2 uky)ulp(v)  [Rule 3]

(o + 2 25PFLE Yulp(v)
7
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Note: u =m,2° and ulp(u) = 2°7? with p the precision
Case z<u =1

Case u<gz

Exp(u)—p
then ¢ = k2

2.9. Generic error of the logarithm. Assume x and u are positive values, with |u —z| <
kyulp(u). We additionally assume u < 4z. Let v = o(logu).

error(v) = |v—logz| < |v—1logu|+ |logu — log x|
|z — |

IN

cyulp(v) + | log E| < cpulp(v) + 2
u
2k, ulp(u)
u

IN

cyulp(v) + < cpulp(v) 4+ 2k, ulp(1)  [Rule

< coulp(v) + 2k, 2" ulp(v) < (e, + ku227)ulp(v).

We used at line 2 the inequality |logt| < 2|t — 1| which holds for ¢ > p, where p ~ 0.203
satisfies log p = 2(p — 1). At line 4, e, stands for the exponent of v, i.e, v = m - 2% with
1/2 < |m| < 1.

2.10. Ulp calculus vs relative error. The error in ulp (ulp-error) and the relative error
are related as follows.

Let p be the working precision. Consider u = o(x), then the error on w is at most
ulp(u) = 25PW=P < |y - 2177 thus the relative error is < 2!,

Respectively, if the relative error is < §, then the error is at most d|u| < §2Pulp(u). (Going
from the ulp-error to the relative error and back, we lose a factor of two.)

It is sometimes more convenient to use the relative error instead of the error in ulp (ulp-
error), in particular when only multiplications or divisions are made. In that case, Higham
[13] proposes the following framework: we associate to each variable the cumulated number
k of roundings that were made. The ith rounding introduces a relative error of ¢;, with
|6;] < 2P ie. the computed result is 1 + §; times the exact result. Hence k successive
roundings give a error factor of (1 + ;)(1 + &3)--- (1 + d;), which is between (1 — ¢)* and
(1 + ¢)* with e = 217P. In particular, if all roundings are away, the final relative error is at
most ke = k- 217, thus at most 2k ulps.

Lemma 1. If a value is computed by k successive multiplications or divisions, each with
rounding away from zero, and precision p, then the final error is bounded by 2k ulps.

If the rounding are not away from zero, the following lemma is still useful [13, Lemma
3.1]:

Lemma 2. Let d1,...,0, be n real values such that |6;| < e, for ne < 1. Then we can write
[T, (1 +6) =140 with

ne

o] <
1 —ne



The same holds if some terms 1+ 6; are replaced by 1/(1 +9;).
Proof. The maximum values of 6 are obtained when all the d; are €, or all are —e¢, thus it
suffices to prove

1 1-2
e and (1—¢)">1-— A i

(1+e" <1+

l—ne 1—ne 1—ne 1—mne’

For the first inequality, we have (1 + ¢)" = €81+ and since log(1 + z) < x, it follows
ne k
(I+e)n <er= k>0 % < Zkzo(nﬁ)k =

1—ne’

For the second inequality, we first prove by induction that (1 — €)™ > 1 — ne for integer
n > 0. It follows (1 — €)"*(1 — ne) > (1 — ne)> > 1 — 2ne, which concludes the proof.

Now assume some of the terms 1+ § are replaced by 1/(1 + ). The worst case is when
1/(14+6)=1/(1—¢)or1/(1+¢). If 1/(1+6)=1/(1+¢€), we can write 1 /(1 +6) =1—¢
with 0’| = €/(1 +€) < ¢, thus this is covered by the previous proof. If 1/(149) = 1/(1 —€),
it suffices to prove that 1/(1—¢)™ < 1/(1—mne), i.e., that (1—¢€)" > 1—ne, which is true. 0

3. LOW LEVEL FUNCTIONS

3.1. The mpfr_add function.

mpfr_add (A, B, C, rnd)
/* on suppose B et C de me"me signe, et EXP(B) >= EXP(C) */

0. d = EXP(B) - EXP(C) /*x d >= 0 par hypothe‘se */

1. Soient Bl les prec(A) premiers bits de B, et BO le reste
Cl les bits de C correspondant a‘ Bl, CO le reste

/* BO, Cl, CO peuvent e“tre vides, mais pas Bl */

<——mmmm - A - >
O e Bl ————————- ><—————- BO ---—- >
<—mmmm - Cl ——————- >Lmmm CO ——————————- >

2. A <-B1 + (C1>d)
3. q <~ compute_carry (BO, CO, rnd)
4. A< A +g

3.2. The mpfr_cmp2 function. This function computes the exponent shift when subtracting
¢ > 0 from b > c. In other terms, if Exp(z) := ﬁ;J’ it returns Exp(b) — Exp(b — ¢).

This function admits the following specification in terms of the binary representation of
the mantissa of b and ¢: if b = u10™r and ¢ = u01"s, where u is the longest common prefix
to b and ¢, and (r, s) do not start with (0,1), then mpfr_cmp2(b, ¢) returns |u| + n if r > s,
and |u| +n + 1 otherwise, where |u| is the number of bits of w.

As it is not very efficient to compare b and ¢ bit-per-bit, we propose the following algorithm,
which compares b and ¢ word-per-word. Here b[n] represents the nth word from the mantissa
of b, starting from the most significant word b[0], which has its most significant bit set. The
values c[n] represent the words of ¢, after a possible shift if the exponent of ¢ is smaller than

that of b.
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n=20; res = 0;
while (b[n] == c[n])
n++;

res += GMP_NUMB_BITS;
/* now b[n] > c[n] and the first res bits coincide */

dif = b[n] - c[n];
while (dif == 1)
n++;

dif = (dif << GMP_NUMB_BITS) + b[n] - c[n];
res += GMP_NUMB_BITS;

/* now dif > 1 */
res += GMP_NUMB_BITS - number_of_bits(dif);

if (!is_power_of_two(dif))
return res;

/* otherwise result is res + (low(b) < low(c)) */
do
n++;

while (b[n] == c[n]);
return res + (b[n] < c[n]);

3.3. The mpfr_sub function. The algorithm used is as follows, where w denotes the number
of bits per word. We assume that a, b and ¢ denote different variables (if a := b or a := ¢,
we have first to copy b or ¢), and that the rounding mode is either N (nearest), Z (toward
zero), or oo (away from zero).

Algorithm mpfr_sub.

Input: b, ¢ of same sign with b > ¢ > 0, a rounding mode o € {N, Z, o0}
Side effect: store in a the value of o(b — ¢)

Output: 0ifo(b—c)=b—c,1ifo(b—c)>b—c,and —1ifo(b—c) <b—c
an ¢ [224Y) pp ¢ [R0)) e ¢ R

cancel < mpfr_cmp2(b,c); diff_exp < Exp(b) — Exp(c)

shift, < (—cancel) mod w; cancel, ¢ (cancel + shifty)/w

if shift, > 0 then Db[0...bn] < mpn rshift(b[0...bn — 1], shifty);
bn < bn +1

shift. < (diff_exp — cancel) mod w; cancel. + (cancel + shift. —
diff _exp)/w

if shift. > 0 then c[0...cn] <« mpn.rshift(c[0...cn — 1], shift.);
cn<cn+1

Exp(a) < Exp(b) — cancel; sign(a) < sign(b)

al0...an — 1] - b[bn — cancel, — an...bn — cancely, — 1]

al0...an— 1] <= a[0...an — 1] — ¢[cn — cancel. — an...cn — cancel, — 1]
10



sh < an-w — prec(a); r < a[0] mod 2°*;  a[0] < a[0] —r

where b[i] and c[i] is meant as 0 for negative i, and c[¢] is meant as 0 for ¢ > cn (cancel, > 0,
but cancel. may be negative).

The rounding is determined by a left-to-right subtraction of the neglected limb of b and
¢, until one is able to determine the correct rounding and the correct ternary value. After
the above algorithm, there are three cases where one cannot conclude:

(1) if sh = 0, since the low part of b — ¢ can have any value between —1 ulp and 1 ulp.
The result might be a — 1, a or a + 1;

(2) if sh > 0 and r = 2"~ 1: the result might be a or a + 1;

(3) if sh > 0 and r = 0: the result is always a, but we cannot determine the ternary
value.

In those three cases we look at the most significant neglected limbs from b and ¢ until we can
conclude. In case 1 the first limb is special, since it will rule out one of the possible results
a—1,aor a+1. Up from the second limb, the analysis is invariant. The corresponding tree
is the following:




3.4. The mpfr mul function. mpfr mul uses two algorithms: if the precision of the operands
is small enough, a plain multiplication using mpn mul is used (there is no error, except in the
final rounding); otherwise it uses mpfr mulhigh n.

In this case, it trunks the two operands to m limbs: 1/2 < b < 1 and 1/2 < ¢ < 1,
b=0bh+ bl and ¢ = ch + cl (B = 2%0r2%%). The error comes from:

e Truncation: < bl.ch + bh.cl +bl.cl < bl +cl <2B™
e Mulders: Assuming error(Mulders(n)) < error(mulhigh_basecase(n)),

error(mulhigh(n)) < (n—1)(B—1*B™" 2+ ... +1(B—1)?B™*"
n—1

— n—1
= (n—i)(B-1*B"""=(B-1*B""'Y B
=1 =1

)

B'"—n+nB—-B
_ 2 p—n—1 -n
= (b—1)°B e <nB™".

Total error: < (m +2)B~™.

3.5. The mpfr_div function. The goals of the code of the mpfr_div function include the
fact that the complexity should, while preserving correct rounding, depend on the precision
required on the result rather than on the precision given on the operands.

Let u be the dividend, v the divisor, and p the target precision for the quotient. We denote
by ¢ the real quotient u/v, with infinite precision, and n > p the working precision. The
idea — as in the square root algorithm below — is to use GMP’s integer division: divide
the most 2n or 2n — 1 significant bits from u by the most n significant bits from v will give
a good approximation of the quotient’s integer significand. The main difficulties arise when
u and v have a larger precision than 2n and n respectively, since we have to truncate them.
We distinguish two cases: whether the divisor is truncated or not.

3.5.1. Full dimisor. This is the easy case. Write u = u; + up where v is the truncated part,
and v = v;. Without loss of generality we can assume that ulp(u;) = ulp(v;) = 1, thus w4
and v, are integers, and 0 < ug < 1. Since v; has n significant bits, we have 2"! < v; < 27,
(We normalize u so that the integer quotient gives exactly n bits; this is easy by comparing
the most significant bits of u and v, thus 2?72 < u; < 22".) The integer division of u; by
vy yields ¢, and r such that uy = vy +r, with 0 < r < vy, and ¢, having exactly n bits. In
that case we have

u
Q1§q:;<Q1+1-

Indeed,q:%ZZ—i:%,andqg%1“03(11—!—””0<q1+1,since7“+u0<r+1§v1.

U1

3.5.2. Truncated divisor. This is the hard case. Write u = u; + ug, and v = v; + vy, where
0 < ug, vy < 1 with the same conventions as above. We prove in that case that:

u
(1) 611—2<(]:;<Q1+1-

The upper bound holds as above. For the lower bound, we have u — (¢; — 2)v > u; — (¢ —
) (v +1)>qu— (@1 —2)(v1+1) =2(v; +1) —¢1 > 2" — ¢ > 0. This lower bound is the
best possible, since ¢; — 1 would be wrong; indeed, consider n = 3, v; =4, vo = 7/8, u = 24:
this gives ¢; = 6, but u/v =64/13 < ¢ — 1 =05.

12



As a consequence of Eq. (I)), if the open interval (¢; — 2,¢; 4+ 1) contains no rounding
boundary for the target precision, we can deduce the correct rounding of w/v just from the
value of ¢;. In other words, for directed rounding, the two only “bad cases” are when the
binary representation of ¢; ends with 0000 or 0001. We even can decide if rounding is correct,

—— =~

n—p n—p
since when ¢; ends with 0010, the exact value cannot end with 0000, and similarly when ¢
ends with 1111. Hence if n = p + k, i.e. if we use k extra bits with respect to the target
precision p, the failure probability is 2'7*.

3.5.3. Awoiding Ziv’s strategy. In the failure case (¢; ending with 000...000z with directed
rounding, or 100 . ..000x with rounding to nearest), we could try again with a larger working
precision p. However, we then need to perform a second division, and we are not sure this
new computation will enable us to conclude. In fact, we can conclude directly. Recall that
u; = qqu; + 7. Thus u = qv + (r + up — q1v9). We have to decide which of the following
five cases holds: (a) 3 —2<qg<qp—1, (D) g=qg—1,(c) g —-1<qg<aq, (d) ¢=q, (e)
@ <g¢g<q+lL
S < q1%
if s <r+wugthen g€ (q1,q1 +1)
elif s =r + uy then ¢ = ¢,
else
t4s—(r+up)
ift<vthenqge (¢ —1,¢1)
elif t=vtheng=¢; — 1
else g€ (1 —2,¢1 — 1)

3.5.4. Using Mulders’ short division. For larger operands, Mulders’ short division might be
faster than calling GMP’s integer division. A detailed description of Mulders’ short division
for integers can be found in [12]. We assume that we want the quotient integer significant
on n — 1 limbs, and we perform a short division on n limbs. Let g be the real quotient
u/v, scaled so that it has exactly n limbs; let ¢; be the integer division we would perform
using GMP’s integer division as described above, and let g be the approximate quotient
returned by Algorithm ShortDiv or FoldDiv from [12]. From the above analysis, we know
that g1 — 2 < ¢ < ¢; + 1, the divisor being truncated or not. From Theorems 1 and 2 from
[12], we have ¢; — 2n < go < g1 + 2n. It thus follows:

G—2n+2)<qg<qg+(2n+1),

and in all cases the difference between ¢ and ¢ is less than 2n + 2 ulps (on n limbs). Since
we want to round ¢ on n — 1 limbs, and usually 2n 4 2 is small compared to the limb value,
in most cases we will be able to round correctly.

In the rare cases where we are not able to round correctly, we can either revert to the
above method using integer division, or better use the approximate quotient ¢o to deduce
the exact quotient ¢; and the corresponding remainder, which will trade a division for a
multiplication.

3.6. The mpfr_sqrt function. The mpfr_sqrt implementation uses the mpn_sqrtrem func-

tion from GMP’s mpn level: given a positive integer m, it computes s and r such that
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m = s? +r with s < m < (s + 1)?, or equivalently 0 < r < 2s. In other words, s is the
integer square root of m, rounded toward zero.

The idea is to multiply the input significand by some power of two, in order to obtain an
integer significand m whose integer square root s will have exactly p bits, where p is the
target precision. This is easy: m should have either 2p or 2p — 1 bits. For directed rounding,
we then know that the result significand will be either s or s + 1, depending on the square
root remainder r being zero or not.

Algorithm FPSqrt.

Input:  =m - 2° a target precision p, a rounding mode o

Output: y = o,(y/x)

If e is odd, (m/, f) <= (2m,e — 1), else (m/, f) « (m,e)

Write m’ := m12% + mg, m; having 2p or 2p — 1 bits, 0 < my < 2%
(s,r) < SqrtRem(m,)

If round to zero or down or r = my = 0, return s - 28+//2

else return (s + 1) - 2F7/2,

In case the input has more than 2p or 2p — 1 bits, it needs to be truncated, but the crucial
point is that that truncated part will not overlap with the remainder r from the integer
square root, so the sticky bit is simply zero when both parts are zero.

For rounding to nearest, the simplest way is to ask p 4+ 1 bits for the integer square root
— thus m has now 2p + 1 or 2p + 2 bits. In such a way, we directly get the rounding bit,
which is the parity bit of s, and the sticky bit is determined as above. Otherwise, we have
to compare the value of the whole remainder, i.e. r plus the possible truncated input, with
s+ 1/4, since (s + 1/2)? = s> + s + 1/4. Note that equality can occur — i.e. the “nearest
even rounding rule” — only when the input has at least 2p + 1 bits; in particular it can not
happen in the common case when input and output have the same precision.

3.7. The inverse square root. The inverse square root (function mpfr rec_sqrt) is based
on Ziv’s strategy and the mpfr mpn rec_sqrt function, which given a precision p, and an
input 1 < a < 4, returns an approximation x satisfying

x—%~2p§a1/2§:c+2p.

The mpfr mpn_rec_sqrt function is based on Newton’s iteration and the following lemma,
the proof of which can be found in [7]:

Lemma 3. Let A,z >0, and 2’ = v + $(1 — Az®). Then
3z°

0<A—1/2_ /_
= T T o

(A_1/2 - JZ)Q,

for some 0 € (z, A=Y/?).

We first describe the recursive iteration:
Algorithm ApproximateInverseSquareRoot.
Input: 1 <a,A<4and1/2<z<1 withx—%-Z*h <aV2P<g42h
Output: X with X —1.27" < A2 < X 427", where n < 2h — 3
r < z? [exact]

s < Ar [exact)]
14



t+1—s [rounded at weight 272" toward —oo]
u < xt [exact]
X «—ax+u/2 [rounded at weight 27" to nearest]

Lemma 4. If h > 11, 0 < A —a < 27" then the output X of algorithm
ApprozimateInverseSquareRoot salisfies

1
(2) X—5-27< ATV <X 4o

Proof. Firstly, a < A < a+27" yields a™1/? — 1. 27" < A712 < q71V2 thus 2 — 27" <
A V2 < g4 97N

Lemma implies that the wvalue 2’ that would return Algorithm
ApproximateInverseSquareRoot if there was no rounding error satisfies 0 < A=1/2 — g/ =
32L(A-Y2 — g)? Since 0 € (x,A7Y?), and A7V2 < x4+ 27" we have & < 0 + 27",
which yields g—;‘ < (1+ %)3 < (1427193 < 1.003 since § > 1/2 and h > 11. Thus
0<A™Y2—g/ <3.01-27%,

Finally the errors while rounding 1 —s and x+wu/2 in the algorithm yield %~2_" <r-X<
% S27M 4 % -272h thus the final inequality is:

1 1
5 2 ATV X < 3 27" 4 351.27%",

For 2h > n + 3, we have 3.51 - 272" < % - 27" which concludes the proof. 0

The initial approximation is obtained using a bipartite table for h = 11. More precisely, we
split a 13-bit input a = ajag.a_1 ...a_q; into three parts of 5, 4 and 4 bits respectively, say
a, 3,7, and we deduce a 11-bit approximation x = 0.x_12_5...2z_1; of the form Ti[«a, 5] +
Ty, ], where both tables have 384 entries each. Those tables satisfy:

1 1
T+ (Z —e)2 M <a V<t (Z + )27t

with ¢ < 1.061. Note that this does not fulfill the initial condition of Algorithm
ApproximateInverseSquareRoot, since we have z — 0.811-27" < ¢7%/2 < 2 4+ 1.311-27",
which yields X — %-2*” < A7Y2 < X +1.21-27™, thus the right bound is not a priori fulfilled.
However, the only problematic case is n = 19, which gives exactly (n + 3)/2 = 11, since for
12 < n < 18, the error terms in 272" are halved. An exhaustive search of all possible inputs
for h =11 and n = 19 gives

1
X-3 27" < ATV < X 4+0.998- 27",
the worst case being A = 1990149, X = 269098 (scaled by 2'9). Thus as soon as n > 2,
Eq. () is fulfilled.

In summary, Algorithm ApproximateInverseSquareRoot provides an approximation X
of A=Y? with an error of at most one ulp. However, if the input A was itself truncated
at precision > p from an input Ay — for example when the output precision p is less
than the input precision — then we have |X — A=2| < ulp(X), and |A~/2 — A;'?| <
LA — Ag|A=3/2 < LAl A=1/2 < 971 A=1/2 < ulp(X), thus | X — Ay /%] < 2ulp(X).

15



3.8. The mpfr remainder and mpfr remquo functions. The mpfr remainder and
mpfr_remquo are useful functions for argument reduction. Given two floating-point num-
bers z and y, mpfr_remainder computes the correct rounding of x cmod y := = — qy, where
q = |x/y|, with ties rounded to the nearest even integer, as in the rounding to nearest mode.

Additionally, mpfr_remquo returns a value congruent to ¢ modulo 2", where n is a small
integer (say n < 64, see the documentation), and having the same sign as ¢ or being zero.
This can be efficiently implemented by calling mpfr remainder on z and 2"y. Indeed, if
x =r'cmod (2"y), and ' = ¢'y+r with |r| < y/2, then ¢ = ¢’ mod 2". No double-rounding
problem can occur, since if z/(2"y) € Z+1/2, then r’ = £2"" 1y, thus ¢ = £2" ' and r = 0.

Whatever the input x and vy, it should be noted that if ulp(x) > ulp(y), then x — qy is
always exactly representable in the precision of y unless its exponent is smaller than the
minimum exponent. To see this, let ulp(y) = 27%; multiplying = and y by 2% we get X = 2*x
and Y = 2%y such that ulp(Y) = 1, and ulp(X) > ulp(Y), thus both X and Y are integers.
Now perform the division of X by Y, with quotient rounded to nearest: X = qY + R, with
|R| <Y/2. Since R is an integer, it is necessarily representable with the precision of Y, and
thus of y. The quotient ¢ of z/y is the same as that of X/Y, the remainder z — qy is 27*R.

We assume without loss of generality that x,y > 0, and that ulp(y) = 1, i.e., y is an
integer.

Algorithm Remainder.

Input: z, y with ulp(y) = 1, a rounding mode o

Output: z cmod y, rounded according to o

1. If ulp(z) < 1, decompose z into x;, + x; with ulp(z,) > 1 and 0 < z; < 1.
la. r « Remainder(zy,y) [exact, —y/2 <r < y/2]

1b. if r < y/2 or ; = 0 then return o(r + z;)

lc. else return o(r +x; — y) = o(x; — 1)

2. Write z = m - 2¥ with & > 0

3. z + 2¥ mod y [binary exponentiation]

4. Return o(mzcmody).

Note: at step (1a) the auxiliary variable r has the precision of y; since xj, and y are integers,
so is r and the result is exact by the above reasoning. At step (1c) we have r = y/2, thus
r — y simplifies to —r.

4. HIGH LEVEL FUNCTIONS

4.1. The cosine function. To evaluate cosx with a target precision of n bits, we use the
following algorithm with working precision m, after an additive argument reduction which
reduces x in the interval [—m, 7|, using the mpfr remainder function:

k<« [\/n/2]

r < 22 rounded up

r < r/2%

s« 1,t+1

for | from 1 while Exp(t) > —m
t < t - r rounded up

t m rounded up

)
s < s+ (=1)' rounded down
16



do k times
s < 2s? rounded up
s+—s—1

return s

The error on r after r <— 2 is at most lulp(r) and remains 1ulp(r) after r < r/22* since that
division is just an exponent shift. By induction, the error on t after step [ of the for-loop is
at most 3lulp(t). Hence as long as 3lulp(t) remains less than < 27™ during that loop (this
is possible as soon as r < 1/ \/5) and the loop goes to [y, the error on s after the for-loop is
at most 20p2™™ (for |r| < 1, it is easy to check that s will remain in the interval [, 1[, thus
ulp(s) = 27™). (An additional 27™ term represents the truncation error, but for [ = 1 the
value of ¢ is exact, giving (2l — 1) + 1 = 2l,.)

Denoting by ¢; the maximal error on s after the ith step in the do-loop, we have ¢y = 2[42™™
and €1 < 4 +27™, giving e, < (2l + 1/3)2%F—™,

4.2. The sine function. The sine function is computed from the cosine, with a working
precision of m bits, after an additive argument reduction in [—m, 7|:

¢ < cosx rounded away

t < ¢? rounded away

u <— 1 —t rounded to zero

s « sign(x)y/u rounded to zero

This algorithm ensures that the approximation s is between zero and sin z.

Since all variables are in [—1, 1], where ulp() < 27", all absolute errors are less than 27"
We denote by ¢; a generic error with 0 < ¢; < 27™. We have ¢ = cosz + €1, t = ¢ + €3 =
cos’x +4dez;u=1—1t—¢ = 1—cos’x — bes; |s| = Vu— e = /1 —cos?x — e — €5 >
|sinz| — % + ¢ (by Rolle’s theorem, |v/u — vu'| < 2%ﬁ|u — /| for v € [u,u'], we apply it
here with u = 1 — cos> z — Hez, u' = 1 — cos? z.)

Therefore, if 271 < |s| < 2¢, the absolute error on s is bounded by 2””(%21*e +1)
23—m—e'

IN

4.2.1. An asymptotically fast algorithm for sin and cos. We extend here the algorithm pro-
posed by Brent for the exponential function to the simultaneous computation of sin and cos.
The idea is the following. We first reduce the input x to the range 0 < x < 1/2. Then we
decompose z as follows:

T

i=1
. . i—1
where 7; is an integer, 0 < r; < 22",

_ ko ry . _ : _ Ty ;
We define z; = Zi:j oo then x = 21, and we can write z; = = T Tjr- Thus with

. — gin - Jp— T,
Sj := sin 7 and Cj := cos ;-

sinxz; = Sjcosxjp +Cjsinxjyq, cosx; = Cjcoswjp —.S;sinxjq.
The 2k values S; and C; can be computed by a binary splitting algorithm, each one in
O(M (n)logn). Then each pair (sinz;, cosz;) can be computed from (sinx;q,sinz;;) with

four multiplies and two additions or subtractions.
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Error analysis. We use here Higham’s method. We assume that the values of S; and C; are
approximated up to a multiplicative factor of the form (14 )3, where |u| < 277, p > 4 being
the working precision. We also assume that cosx;;; and sinx;;; are approximated with a
factor of the form (1 + u)". With rounding to nearest, the values of S;jcosz;11, C;sinz;,1,
Cjcoszjy; and S;sinx;,; are thus approximated with a factor (1 + u)%*%. The value of
sinz; is approximated with a factor (1 + u)* ™5 since there all terms are nonnegative.

We now analyze the effect of the cancellation in Cjcosz;;1 — S;sinz;y1. We have 2% <
2*2j_1, and for simplicity we define [ := 277!; thus 0 < S; < 27l and 1 — 27271 < C; <1
Similarly we have x;,; < 27%, thus 0 < sinz;y; <272 and 1 — 274" < cosz;y; < 1. The
error is multiplied by a maximal ratio of

Cjcosxji + Sjsinwjg 14270272
Cjcoswjpg — Sjsinajyy = (1 —27271)(1 —2-4-1) —2-1. 2=20
which we can bound by
14273 1 < 1
1 —92-2 — (1 _ 2—21)(1 _ 2—31) — 1 —92-2+1°
The product of all those factors for j > 1 is bounded by 3 (remember [ := 2971).
In summary, the maximal error is of the form 3[(1 + u)% — 1], where 22" < p < 22", For
p >4, 5k- 277 is bounded by 5/16, and (1+277)°* =1 < 2" -1 < 8.5k.277 = 6k-277.
Thus the final relative error bound is 18% - 277. Since k < 6 for p < 2%, this gives a uniform
relative error bound of 27717,

4.3. The tangent function. The tangent function is computed from the mpfr_sin cos
function, which computes simultaneously sin z and cos x with a working precision of m bits:

s,c 4= o(sinz),o(cosx)  [to nearest]
t < o(s/c) [to nearest]

We have s = sin(z)(1+6;) and ¢ = cos(z)(1+05) with |0y],]02] < 27™, thus t = (tanz)(1+0)>
with || < 27™. For m > 2, |0] < 1/4, |(1 + 6)3 — 1| < 4]0], thus we can write t =
(tanz)(1 4 46), thus |t — tan x| < 4ulp(t).

4.4. The exponential function. The mpfr_exp function implements three different algo-
rithms. For very large precision, it uses a O(M (n) log” n) algorithm based on binary splitting
(see [I5]). This algorithm is used only for precision greater than for example 10000 bits on
an Athlon.

For smaller precisions, it uses Brent’s method; if r = (x — nlog2)/2* where 0 < r < log 2,
then

exp(z) = 2" - exp(r)?"
and exp(r) is computed using the Taylor expansion:
r2 3
exp(r):1+r+§+§+-~

As r < 27F_if the target precision is n bits, then only about | = n/k terms of the Taylor
expansion are needed. This method thus requires the evaluation of the Taylor series to order

n/k, and k squares to compute exp(r)2k. If the Taylor series is evaluated using a naive way,
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the optimal value of k is about n'/2, giving a complexity of O(n'/2M (n)). This is what is
implemented in mpfr_exp2_aux.

If we use a baby step/giant step approach, the Taylor series can be evaluated in oY 2)
nonscalar multiplications — 1i.e., with both operands of full n-bit size — as described in
[19], thus the evaluation requires (n/k)'/? + k multiplications, and the optimal k is now
about n'/3, giving a total complexity of O(n'/>M(n)). This is implemented in the function
mpfr_exp2_aux2. (Note: the algorithm from Paterson and Stockmeyer was rediscovered by
Smith, who named it “concurrent series” in [24].)

4.5. The logarithm function. The logarithm function mpfr_log is defined using this ap-
proximated formula [I8] based on the arithmetic-geometric mean (denoted by AG):
T

- -p
2 AG(LA/S) mlog2 + o(logx 277)

log x ~

with s = x - 2™ > 2°/2,
From the arithmetic-geometric mean, we deduce the logarithm, naively bounding the
round-off errors. The only point is that the subtraction may be a cancellation: a maximum

of log (’;igﬁ) bits can be lost.

4.6. The error function. Let n be the target precision, and = be the input value. For
|z] > v/nlog2, we have |erf x| = 1 or 1~ according to the rounding mode. Otherwise we use
the Taylor expansion.

4.6.1. Taylor expansion.

2 o (D"
e= kzzo B2k + 1)

erf_0(z,n), assumes 2> < n/e
working precision is m
y < o(2?) [rounded up]
541
1«1
for k£ from 1 do

t < o(yt) [rounded up]

t < o(t/k) [rounded up]

t

U 4= (557 ) [rounded up]

s < o(s + (—1)*u) [nearest]
if Exp(u) < Exp(s) —m and k > 2? then break
r < 20 (zs) [rounded up]
p < o(m) [rounded down]
p < o(y/p) [rounded down]|
r < o(r/p) [nearest]

Let e be the ulp-error on t (denoted ¢;) after the loop with index k. According to
Lemma , since tj is computed after 2k roundings (ty = 1 is exact), we have g < 4k.

The error on u at loop k is thus at most 1+ 2, < 1 4 8k.

Let 04 and vy, be the exponent shifts between the new value of s at step k and respectively

the old value of s, and u. Writing s, and w; for the values of s and u at the end of step
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k, we have o) := Exp(sg_1) — Exp(sg) and vy, := Exp(ug) — Exp(sx). The ulp-error 7 on sy
satisfies 7, < % + 76127 + (1 + 8k)2",

The halting condition k& > 22 ensures that uj; < u;—q for j > k, thus the series Z;’ik uj is
an alternating series, and the truncated part is bounded by its first term |ug| < ulp(sg). So
the ulp-error between s and >, 15'_(;—% is bounded by 1 + 7.

Now the error after r <— 2 o (zs) is bounded by 1 + 2(1 + 7) = 27 + 3. That on p after
p < o(m) is 1 ulp, and after p <— o(y/p) we get 2 ulps (since p < o(7) was rounded down).

The final error on 7 is thus at most 1 4 2(27, + 3) + 4 = 47, + 11 (since r is rounded up

and p is rounded down).

4.6.2. Very large arguments. Since erfcx < ﬁ, we have for 2 > nlog?2 (which implies

VT
x > 1) that erfcz < 27" thus erfz =1 or erf x = 1 — 27" according to the rounding mode.

More precisely, [1, formulae 7.1.23 and 7.1.24] gives:

Rl X3 X x (2k—1)
(22)* ’

Ve erfex ~ 1+ Z(—l)
k=1
with the error bounded in absolute value by the next term and of the same sign.

4.7. The hyperbolic cosine function. The mpfr_cosh (coshz) function implements the

hyperbolic cosine as :
1 1
coshz = = (ew + —) :
2 e

The algorithm used for the calculation of the hyperbolic cosine is as followsﬂ

u < ofe")
(3) v <+ o(u™h)
(4) w <+ o(u+v)
(5) s 4+ -w
(6)

Now, we have to bound the rounding error for each step of this algorithm. First, let us
consider the parity of hyperbolic cosine (cosh(—z) = cosh(z)) : the problem is reduced to
calculate coshz with x > 0. We can deduce e* > 1 and 0 < e * < 1.

Lo() represent the rounding error and error(u) the error associate with the calculation of u
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error(u)

u <— o(e”) lu—e*] < ulp(u)
—oo (o)

()

With & < 1,

for that we must have u < e*,

it is possible with a rounding of

v —e™?| uto —oo (e)
< Jo—u+]ut e (o)

From inequation  [Rule Eﬂ,
error(v) . < ulp(v) + u— e a-ulp(b) <2-ulp(a-b)
veolu) 1 if @ = %, b =wu then
+00 (ee) < ulp(v) + —ulp(u) (x) u?

1 1
1 —ul < 2ulp(~
< ulp(v) + ZUIP(E) (xx) i p(u) < 2u p(u)
< (% % %)
< 3ulp(®) (exx) If ulp(L) < ulp(u),
it is possible with a rounding of
v to +00 (e)
lw — (e* 4+ e77)] (%)
< Jw—(u+u)+lu—e| +ju—e?| Withv<1<u
error(w) < ulp(w) + ulp(w) + 3ulp(v) then ulp(v) < ulp(u)
w < o(u +v) (k)
< ulp(w) + 4ulp(u) (%) With u < w
< Sulp(w) (+%) then ulp(u) < ulp(w)
error(s) error(s) = error(w)

s <o) < 5ulp(s)

That shows the rounding error on the calculation of coshx can be bound by 5 ulp on
the result. So, to calculate the size of intermediary variables, we have to add, at least,
[log, 5| = 3 bits the wanted precision.

4.8. The inverse hyperbolic cosine function. The mpfr_acosh function implements the
inverse hyperbolic cosine. For x < 1, it returns NaN; for x = 1, acoshx = 0; for x > 1, the
formula acosh x = log(v/z? — 1 + z) is implemented using the following algorithm:

q + o(2?) [down]

r < o(q — 1) [down]
s « o(4/7) [nearest]

t < o(s + x) [nearest]
u < o(logt) [nearest]

Let us first assume that r # 0. The error on ¢ is at most 1 ulp(gq), thus that on r is at most

ulp(r)+ulp(q) = (14 E) ulp(r) with d = Exp(q) —Exp(r) and E = 2%. Since r is smaller than
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2% — 1, we can use the simpler formula for the error on the square root, which gives a bound
(2 + E) ulp(s) for the error on s, and (2+ E) ulp(t) for that on ¢. This gives a final bound of
(2 +(2+ E)227™P) ulp(u) for the error on u ( . We have: 2+ E < 21#max(1d)  Thys the
rounding error on the calculation of acosh x can be bounded by (3 - 23Fmax(Ld)=Exp()) yp (y).

If we obtain » = 0, which means that z is near from 1, we need another algorithm. One
has x = 142z, with 0 < 2z < 27P, where p is the intermediate precision (which may be smaller
than the precision of x). The formula can be rewritten: acoshz = log(1l++/2(2+ 2)+2) =
V22(1 — £(2)) where 0 < £(2) < 2/12. We use the following algorithm:

q < o(x — 1) [down]
T4 2q
s < o(4/r) [nearest]

The error on ¢ is at most 1 ulp(q), thus the error on r is at most 1 ulp(r). Since r is smaller
than 2z, we can use the simpler formula for the error on the square root, which gives a bound
2 ulp(s) for the error on s. The error on acosh  is bounded by the sum of the error bound

2z and £(z)V2z < Z121P0l) = 6 ulp( ). Thus the rounding error on the calculation
of acosh z can be bounded by (2 4+ %) ulp(s) < 2ulp(s).

4.9. The hyperbolic sine function. The mpfr_sinh (sinhz) function implements the hy-

perbolic sine as :
1 1
inhe=—-{(e"—— ).
sinhz = o (e eff)

The algorithm used for the calculation of the hyperbolic sine is as followsﬂ

u <« ofe")
v <+ o(u™h)
w 4+ o(u—w)
R 1w

2

Now, we have to bound the rounding error for each step of this algorithm. First, let
consider the parity of hyperbolic sine (sinh(—z) = —sinh(z)) : the problem is reduced to
calculate sinh z with £ > 0. We can deduce e®* > 1 and 0 <e™* < 1.

20() represent the rounding error and error(u) the error associated with the calculation of u
22



error(u)
u <+ v(e¥)

(¢)

error(v)
v+ A(ut)

(o0)

error(w)
w < o(u —v)

v —e™|
< Jo—u |+t — e
< ulp(v) + |lu — e”|
1

< ulp(r) + ulp(u) (4
1

< ulp(v)+2ulp(;) (k)

< 3ulp(v) (***)

w = (" — ™)

< Jw—(u—v)|+ju—€el+|—v+e®

< ulp(w) + ulp(u) + 3ulp(v)

< ulp(w) + 4ulp(u) ()

< (14420007 PRW)ulp(w) - (4)
error(s) = error(w)

S (1 + 4. 2Exp(u)7Exp(w))ulp(w)

(%)
With 2 < 1
for that we must have e* < u,

it is possible with u = 7(e”) (o)
(%)

From inequation

[Rule [q],
a-ulp(b) <2-ulp(a-b)

ifaz%, b = u then

ulp(u) < 2ulp(-)
(% * )

If ulp(£) < ulp(v),

it is possible with v = A(u™!)

(o0)
(*)

Withv <1<uw
then ulp(v) < ulp(u)
(%)

see subsection 2.3l

That show the rounding error on the calculation of sinhz can be bound by (1 + 4 -
20xp(w)=Exp(w))y]p (w), then the number of bits need to add to the want accuracy to define
intermediary variable is :

N, = [logy(1+ 4 - 270 =Pxpl))]

4.10. The inverse hyperbolic sine function. The mpfr_asinh (asinhz) function imple-
ments the inverse hyperbolic sine as :

asinh = log <\/x2 +1+ x) .

The algorithm used for the calculation of the inverse hyperbolic sine is as follows
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u

v

w

TT T

<

Now, we have to bound the rounding error for each step of this algorithm. First, let
consider the parity of hyperbolic arc sine (asinh(—x) = —asinh(x)) : the problem is reduced

to calculate asinhx with z > 0.

error(s) |s—=

s <+ o(x?) < ulp(s) ()

error(t) |t — (2° + 1)] (%)

t < v(s+1) < 2ulp(t) (%) see subsection 2.3

(¢)

()

error(u)\/% lu — Va2 + 1] see subsection
u < o(vt) < 3ulp(u) (%) with (e)

error(v) v — (Va2 +1+ 1) (%)

v+ o(u+x)

< 5ulp(v) (¥)

see subsection 2.3

error(w) |lw —log(Va?+ 1+ z)| (%)

w < o(log v)

< (1452272 ylp(w) * see subsection 2.9

That shows the rounding error on the calculation of asinhxz can be bound by (1 +
5.227Fxp(w)) ylp on the result. So, to calculate the size of intermediary variables, we have to
add, at least, [log,(1 + 5.227"P(®))] bits the wanted precision.

4.11. The hyperbolic tangent function. The hyperbolic tangent (mpfr_tanh) is com-

puted from the exponential:

tanhx =

|

e 41"

The algorithm used is as follows, with working precision p and rounding to nearest:

u < o(2x)
v+ ofe")

w < o(v+1)
r<o(v—1)
s < o(r/w)

Now, we have to bound the rounding error for each step of this algorithm. First, thanks to
the parity of hyperbolic tangent — tanh(—x) = — tanh(x) — we can consider without loss

of generality that = > 0.

24



We use Higham’s notation, with 6; denoting variables such that |6;| < 277. Firstly, u is
exact, assuming x is exact with precision p. Then v = €2*(1+6;) and w = (€2®+1)(1+6,)%.
The error on r is bounded by sulp(v) + 2ulp(r). Assume ulp(v) = 2*ulp(r), with k& > 0; then
the error on r is bounded by (2% + 1)ulp(r). We can thus write r = (€2* — 1)(1 + 63)>"*,
and then s = tanh(z) - (1 + 0,)%" .

Lemma 5. For 0 <2 <1/2 and 0 <y < 272, we have:
O<(l+z)P—-1<14-y-z.

Proof. We have (1 + x)¥ = e¥1°604%) with 0 < y - log(1 + x) < 2712 . log(1 + x). The
function x71/2 - log(1 + z) is increasing on )0, 1/2], and reaches ~ 0.573 for z = 1/2. Thus
0 < y-log(14+x) < 0.574. Now it is easy to see that for 0 < ¢ < 0.574, we have | —1| < 1.4¢.
Thus 0 < (14+2)Y —1 < 14 -y -log(l + x). The result follows from log(l + x) < z for
0<az<1/2. 0

First, note that for £ > 0 and ¢ > 1, one has [(1 —¢)? — 1| < |(1 4+ t)? — 1| due to the
triangle inequality on the development. Thus |(1 4 64)% 4 — 1| < |(1+27?)2"** — 1|. Then
one can apply the above lemma for = 277 and y = 2* + 4, assuming 2F + 4 < 27/2,
We get [(1+ 02 — 1] < |(1427°)2 — 1] < 1.4(2% + 4)277, and thus we can write
s = tanh(z)[1 4+ 1.4(2% 4 4)05] with |05 < 277. Since 2% + 4 < 2maxBGk+1) " the relative error
on s is thus bounded by 2max(:k+2)=p

The condition 2 + 4 < 2P/2 is checked in the code with max(3,k + 1) < |p/2], so that:

2k +4 < 2max(3,k+1) < 2|_p/2J < 2p/2‘

4.12. The inverse hyperbolic tangent function. The mpfr_atanh (atanhz) function
implements the inverse hyperbolic tangent as :

1+
1—a

1
atanh = 3 log

The algorithm used for the calculation of the inverse hyperbolic tangent is as follows:

s < o(l+ux)

t « o(l—ux)

w e« of3)

v  o(logu)
1

w4 0(5”0)

Now, we have to bound the rounding error for each step of this algorithm. First, let
consider the parity of hyperbolic arc tangent (atanh(—z) = —atanh(z)) : the problem is

reduced to calculate atanhx with = > 0.
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error(s)

s+ A(1+x)
(¢)

error(t)

t+ v(l—2x)

(o0)

error(v)
v+ o(log(u))

error(w
w < of

| = —

v)

s — (14 )]
< 2ulp(s) ()

6= (1 —2)|
< (L4 2P0 O)alp(t) (%)

| 1+ |
u _
1—z
< (1 +2X 2+
2 x (1 4 2P@=Exp®) ) ylpy (%)
< (T+ 2EXp(w)—EXP(t)+1)ulp(u)
1+
v~ (log )|
S (1 + (7 + 2Exp(az)fExp(t)+1>
X220 ulp(v) (x)
S (1 4 7 % 227Exp(1)) +

2Exp(a}) —Exp(t)—Exp(v)+3 ) U.lp (’U)

1 1—|-ZB|

— 0

|w 20g1_x

< (LT x 22
9PxP(#)=Bxp(1) =Bxp(0) £3) ] (1))

see subsection 2.3

()

see subsection [2.3|

(%)
see subsection 2.5
with (e) and (ee)

()

see subsection 2.9

(%) exact

That shows the rounding error on the calculation of atanhz can be bound by (1 + 7 x
22=Exp(v) 4 gmxp(2)—Exp(t)=Exp(v)+3) yylp on the result. So, to calculate the size of intermediary
variables, we have to add, at least, [logy(1 + 7 x 2275xP(v) 4 2Exp(@)—Exp()=Exp(v)+3)] hitg the

wanted precision.

4.13. The arc-sine function.

T

(1) We use the formula arcsin x = arctan =

(2) When z is near 1 we will experience uncertainty problems:
(3) If = a(1 + §) with § being the relative error then we will have

l—xz=1—-a—ad=(1—a)[l —

a 5]

1—a

So when using the arc tangent programs we need to take into account that decrease

in precision.

4.14. The arc-cosine function.

(1) Obviously, we used the formula

T

arccos r = 5~ arcsin x
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(2) The problem of arccos is that it is 0 at 1, so, we have a cancellation problem to treat
at 1.

(3) (Suppose z > 0, this is where the problem happens) The derivative of arccos is ﬁ
and we will have

1 < —1 - 1 o1
2Vl—z = V1-22 J(1-z)(l+z) Vi-=z

So, integrating the above inequality on [z, 1] we get

VvV1—x <arccos x <2vV1—=x

(4) The important part is the lower bound that we get which tell us a upper bound on
the cancellation that will occur:
The terms that are canceled are 7/2 and arcsin x, their order is 2. The number of
canceled terms is so

1-1/2%MPFR_EXP (1-x)

4.15. The arc-tangent function. The arc-tangent function admits the following argument

reduction:
T 5 arct V1i+a2-1
— = 2arctan ——.
AVt R

If applied once, it reduces the argument to |z| < 1, then each successive application reduces
x by a factor of at least 2.

arctan x = 2 arctan

V1t+ax2—1
T

Assume |z| < 1. We approximate using the following algorithm:

s ¢+ o(2?) [nearest]

t < o(1+ s) [nearest]
u < o(+/t) [nearest]

v < o(u — 1)) [nearest]
w < o(2) [nearest]

Assuming all computations are done with precision p, and denoting 6; a value such that
6;] < 277, we have s = 2?(1+61), t = (1 +s)(1 4+ 62) = (1 4+ 2*(1 4+ 61))(1 + 6) =
(1422 (14 603)2, u=Vt(1+0,) = V1 + 221 +05)(1 +0,) =1+ 221 +65)% Now let us
write u — 1 = (V14 22 — 1)(1 + A); we have

1 2
A= T (99, 4 02).

Vita?-1

For |z] < 1, we have 2/z% < % < (2 ++/2)/2?, and for p > 5 the expression (2 +
V2)(205 + 62) is bounded by 765, thus we can write u — 1 = (V1 +22 — 1)(1 4 705/x).
It follows v = (u — 1)(1 + 0g) and w = @(1 + 705/2)(1 + 07)%. Still for |z| < 1
and p > 5, the product (1 + 7605/z)(1 + 67)? can be written (1 + 106g/z), thus we have
w = @(1 + 1065 /x), and the relative error on w is bounded by 10/z - 277.

Now if we want to apply several times this argument reduction, we need to analyze the
error when x is not exact, but say z = (1 +¢6), with € > 0 a parameter, and || < 27P. The

above analysis remains valid with z replaced by (14 ¢6), thus we get w = f(x)(1+100s/x),
27



with f(x) = —Vlthl, and = z(1 + €6). The derivative of f is bounded by 1/2 for |z| < 1,
thus |f(z) — f(z)| < 3ez. Thus we have

V1472 -1
z
Assuming ¢ < 21/z, we have w = Y2 =1(1 4+ 2, /) (1 + 1005 /2) = YEZ=1(1 42160, /),

as long as |z| > 210 - 27P. Since initially € = 0, this proves by induction that ¢ < 21/, and
the relative error on w after several argument reductions is bounded by 21/x - 277, where z
is the last reduced argument. Since the arc-tangent function has a derivative less than 1, the

corresponding absolute error bound for arctanw is also 21/x - 27P. Since arctan —Vl*xu >

52:/16 for 0 < x < 1, the relative error bound on arctan —”*f’l is 277P /22 < 2972xp(@)~p,

(1+ %)(1 + 1005 /).

w =

4.15.1. Binary splitting. The Taylor series for arctan is suitable for analysis using Binary
splitting.

This method is detailed for example in “Pi and The AGM” p 334. It is efficient for rational
numbers and is non efficient for non rational numbers.

The efficiency of this method is then quite limited. One can then wonder how to use it
for non rational numbers.

Using the formulas

1 .
arctan (—z) = —arctan x and arctan x + arctan — = 581gn(:v)

T

we can restrict ourselves to 0 < x < 1.

Writing
K3 .
T = E o5 with u; € {0,1}
i=1
or

(e}

r=Y o with u; € {0,1,...,2" "} ifi > Land uy € {0,1)

=1

we can compute cos, sin or exp using the formulas

cos (a4 b) = cos acos b — sin asin b
sin (a + b) = sin acos b+ cos asin b
exp(a + b) = (exp a)(exp b)
Unfortunately for arctan there is no similar formulas. The only formula known is

r+y

arctan x + arctan y = arctan 1 + km with k€ Z

we will use
x p—
arctan x = arctan y + arctan Y
142y

with z,y > 0 and y < z.
Summarizing we have the following facts:

(1) We can compute efficiently arctan 5oF With k>0 and u € {0,1,...,22""}
(2) We have a sort of addition formula for arctan, the term k7 being zero.

So I propose the following algorithm for x given in [0, 1].
28



(1) Write v, = 22"

(2) Define
Sk — Ak
Sk+1 = m and So =T

(3) Ay is chosen such that

1

0< s, — Ak < —
Vg
and Ay, is of the form & with uy, € N.
(4) We have the formula
arctan r = arctan Ay + arctan s;

= arctan Ay + arctan A; + arctan s,
= arctan Ap+ --- + arctan Ay + arctan sy

the number sy is decreasing toward 0 and we then have
arctan = Yo arctan A;
The drawbacks of this algorithm are:

(1) Complexity of the process is high, higher than the AGM. Nevertheless there is some
hope that this can be more efficient than AGM in the domain where the number of
bits is high but not too large.

(2) There is the need for division which is computationally expensive.

(3) We may have to compute arctan (1/2).

4.15.2. Estimate of absolute error. By that analysis we mean that a and b have absolute
error D if |a — b| < D.
I give a remind of the algorithm:

(1) Write v, = 22"

(2) Define
Sk — Ak
Sk+1 = m and So =T

(3) Ay is chosen such that

1

0<s, — A, < —
Uk
and Aj, is of the form Z—: with u, € N.
(4) We have the formula
arctan x = arctan Ay + arctan s;

= arctan Ay + arctan A; + arctan s,
= arctan Ay + --- + arctan Ay + arctan sy

the number sy is very rapidly decreasing toward 0 and we then have
=00
arctan x = Z arctan A;

1=0
29



(5) The approximate arc tangent is then
i=No

E arctan,,, A;
i=0

with arctan,,, being the sum of the first 2™ terms of the Taylor series for arctan.
We need to estimate all the quantities involved in the computation.
(1) We have the upper bound

0§8k+1=flﬁ+—&§8k—z‘1k§%
(2) The remainder of the series giving arctan x is
oo oo
Z arctan A; < Z A;
i=No+1 i=No+1
[e.9]

IA
-
(]
A

IA

IA
'Mg
Sl

1 CNy
< 2w =
i=No
With cy, < 1.64. If Ny > 1 then cy, < 1.27. If Ny > 2 then cy, < 1.07.
It remains to determine the right Ny.
(3) The partial sum of the Taylor series for arctan have derivative bounded by 1 and
consequently don’t increase error.
(4) The error created by using the partial sum of the Taylor series of arctan is bounded

by
(AZ-)QXQW”H
2% 2mi 41
and is thus bounded by
1 [ 1 ]2><2mi+1 _ 1 [ —21'*1]2><2mi+1
2 x 2mi 412271 2 x 2mi + 1
1 [ _2i—1]2><2m1-
2 x 2mi 41
]_ 72i+mi
2 x2mi +1

The calculation of %?Ai is done by using integer arithmetic and returning a fraction

that is converted to rflpfr type so there is no error. But to compute arctan A; =
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A;[2ean A we need to use real arithmetic so there is lulp error.

In total this is (No)ulp.
(5) Addition give lulp There are (Ny — 1) addition so we need to take (Ny — 1)ulp.
(6) The division yields errors:

(a) Having errors in the computation of A; is of no consequences: It changes the
quantity being arc-tangented and that’s all. Errors concerning the computation
of syy1 in contrary adds to the error.

(b) The subtract operation s; — A; has the effect of subtracting very near numbers.
But A; has exactly the same first 1 and 0 than s; so we can expect this operation
to be nondestructive.

(c) Extrapolating from the previous result we can expect that the error of the quan-

tity fi;—ji is err(s;) + lulp
(7) The total sum of errors is then (if no errors are done in the counting of errors)

Err(arctan) = Z:ZNO ﬁ —2itmi 202%’0 + (Ng — 1)2Free
=0
+ (No — 1)27Free 1 (Ng)27F"ee [my; = Ny — 1]
=N,
= z; mﬂ% + ;i;; + (3 Ny —2)2777
= :ZN: e SN0 4 (34 Ny — 2)27Free
— 2x20+1 2270
< {Zi: WliH}Q_QNO + ;iNi) + (3% No —2)27ree
< {0.77)272% 4 ;—if + (3% Ny — 2)27Free
= 2y o

< 2fprec,arctan

This is what we wish thus Err(arctan) with prec_arctan is the re-

quested precision on the arc-tangent. We thus want:

24 < o—prec.arctan—1
2% =
and
(3 x Ny — 2)2-Pree < g-precarcian—1
ie.
In (prec_arctan + 1 + 224)

Ny >

In 2

that we approach by (since the logarithm is expensive):

Ny = ceil(log(prec_arctan 4 2.47) x 1.45)
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and we finally have:
In (3N0 - 2)
In 2

)}

4.15.3. Estimate of the relative error. we say that a and b have relative error ¢ if

a=b(1+ A) with |A] <6

Prec = prec_arctan + {1 + ceil(

This is the error definition used in mpfr. So we need to redo everything in order to have a
consistent analysis.

(1) We can use all previous estimates:
(a) Remainder estimate:

= c
Z arctan A; < Mo

2No
i=Np+1 2

1 CNg
arctan z 92™Vo

(b) The relative error created by using a partial sum of Taylor series is bounded by
arctaln A; 2><2’%li+1 2_21+MZ :

(¢) The multiplication arctan A; = Ai[%?&] takes 1 ulp of relative error.

(d) Doing the subtraction s; — A; is a gradual underflow operation: it decreases the
precision of s; — A;.

(e) The multiplication a;A; creates 1 ulp of error. This is not much and this relative
error is further reduced by adding 1.

(1) We have

so the relative error will be

arctan b(1 + A) = arctan(b+ bA)
~ arctan b+ 15z (bA)

= [arctan b|[1 + {WM}A]

b
(14b2) arctan b

arctan does not increase the relative error.
(2) So we have two possible solutions:
(a) Do a relative analysis of our algorithm.
(b) Use the previous analysis since the absolute error D is obviously equal to |b|é (&
being the relative error)
it is not hard to see that second solution is certainly better: The formulas are additive.
Our analysis will work without problems.
(3) It then suffices to replace in the previous section 27P"¢c-07¢tan Jyy 2=prec-arctan qretan g,
(4) If || < 1 then |arctan z| is bounded below by |z|2 ~ |#]1.27. So it suffices to have
an absolute error bounded above by

2—prec,arctan | T | 1 27

In this case we will add 2 — MPFR_EX P(x) to prec_arctan
(5) If |#| > 1 then arctan z is bounded below by 7. So it suffices to have an absolute
error bounded above by

A rapid analysis gives 0 < < 1 and then we can say that the function

2—prec,arctan 1. 27
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we will add 1 to prec_arctan.
In this case we need to take into account the error caused by the subtraction:

T 1
arctan r = +=— — arctan —
2 T

4.15.4. Implementation defaults.

(1) The computation is quite slow, this should be improved.
(2) The precision should be decreased after the operation s; — A;. And several other
improvement should be done.

4.16. The Euclidean distance function. The mpfr hypot function implements the Eu-

clidean distance function:
hypot(z,y) = /22 + y>.

If one of the variables is zero, then hypot is computed using the absolute value of the other
variable. Assume that 0 < y < x. Using the first degree Taylor polynomial, we have:

2

0<\/x2—|—y2—x<y—.

2

Let p,, p, be the precisions of the input variables z and y respectively, p, the output
precision and z = o, (/2% 4+ y?) the expected result. Let us assume, as it is the case in
MPFR, that the minimal and maximal acceptable exponents (respectively €, and €pqz)
satisfy 2 < €émae and €02 = —€min-

When rounding to nearest, if p, < p, and ]’ZTH < Exp(z) —Exp(y), we have % < %ulppz (x);
if p. < p,, the condition 22 < Exp(z) — Exp(y) ensures that % < zulp,_(z). In both cases,
these inequalities show that z = N, (z), except that tie case is rounded toward positive
infinity since hypot(z,y) is strictly greater than x.

With the other rounding modes, the conditions p,/2 < Exp(x) — Exp(y) if p, < p., and
p./2 < Exp(z) — Exp(y) if p, < p, mean in a similar way that z = o,_(x), except that we
need to add one ulp to the result when rounding toward positive infinity and z is exactly
representable with p, bits of precision.

When none of the above conditions are satisfied, we use the following algorithm, whose

precision is guaranteed when Exp(x) — Exp(y) < €mar — 1:

Algorithm hypot_1
Input: z and y with |y| < |z|, p the working precision with p > p,.
% . p — 4 bits of precision if p < max(p., p,),
Output: /2% +y* with { p — 2 bits of precision if p > maxgpw,ng.
s < [(emaz — 1)/2] — Exp(2)
zs < Z(x X 2%)
ys < Z(y x 2°)
u < Z(z?)
v Z(y3)
w < Z(u+v)
t Z(Vw)
2« Z(t/2%)
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In order to avoid undue overflow during computation, we shift inputs’ exponents by s =
L%J — Exp(x) before computing squares and shift back the output’s exponent by —s

using the fact that \/(2.25)2 + (y.25)2/2° = \/22 + y2. We show below that overflow cannot
occur, and underflow cannot occur either when Exp(z) — Exp(y) < €m0 — 1.

We check first that the exponent shift does not cause overflow and, in the same time, that
the squares of the shifted inputs never overflow. For z, we have Exp(z)+$ = | (€maz — 1) /2],
50 Exp(72) < €4 — 1 and neither z, nor 22 overflows. Therefore we have: Z(2?) < 2? <
2¢mez=1 " For ¢, note that we have y, < z, because y < x, thus y, and y? do not overflow.

Secondly, let us see that the exponent shift does not cause underflow. For x, we know that
0 < Exp(z) + s, thus neither z, nor z2 underflows. For y, the condition Exp(z) — Exp(y) <
€maz — 1 implies that |(emae — 1)/2] — s — Exp(y) < €mar — 1, and since €,4,/2 — 1 <
| (maz — 1)/2], we deduce €,in/2 = —€maz/2 < Exp(y) + s, which shows that ys and its
square do not underflow (even when taking the rounding into account since the scaling is
exact).

Thirdly, the addition does not overflow because u + v < 222 and it was shown above that
Z(x?) < 26me==1 Tt cannot underflow because both operands are positive.

Fourthly, as x, < t, the square root does not underflow. Due to the exponent shift, we
have 1 < x,, then w is greater than 1 and thus greater than its square root ¢, so the square
root does overflow.

Finally, let us show that the back shift raises neither underflow nor overflow unless the
exact result is greater than or equal to 2°m*. Because no underflow has occurred so far
Exp(z) < Exp(t) — s which shows that it does not underflow. And all roundings being
toward zero, we have z < \/x? + 9?2, so if 2°me= < 2. then the exact value is also greater than
or equal to 2°me=,

Let us analyse now the error of the algorithm hypot_1:

p < min(pg, py) | max(ps, py) < p
Ts < Z(x x 27) error(zs) < 1 ulp(zs) exact
ys < Z(y x 2°) error(ys) < 1 ulp(ys) exact
u < Z(z?%) error(u) < 6 ulp(u) 1 ulp(u)
v+ Z(y?) error(v) < 6 ulp(v) 1 ulp(v)
w <+ Z(u+v) error(w) < 13 ulp(w) 3 ulp(w)
t + Z(y/w) error(t) < 14 ulp(t) 4 ulp(¢)
z + Z(t/2%) exact.

And in the intermediate case, if min(p,,p,) < p < max(p,,p,), we have

w < Z(u+v) error(w) < 8 ulp(w)
t + Z(y/w) error(t) < 9 ulp(?).

Thus, 2 bits of precision are lost when max(p,,p,) < p and 4 bits when p does not satisfy
this relation.

4.17. The floating multiply-add function. The mpfr_fma (fma(z,y, z)) function imple-
ments the floating multiply-add function as :

fma(x,y,2) =z +x X y.

The algorithm used for this calculation is as follows:
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Now, we have to bound the rounding error for each step of this algorithm.

error(u)

u < o(z X y) lu—(zy)] < ulp(u)

error(v) [v—(z+ay)|
v+ o(z + u)

ulp(v) + (2 +u) = (z+2y)] ()

<
< (T+2%7)ulp(v) (*) see subsection 2.3

That shows the rounding error on the calculation of fma(z,y, z) can be bound by (1 +
2~ )ulp on the result. So, to calculate the size of intermediary variables, we have to add,
at least, [log,(1 + 2°~)] bits the wanted precision.

4.18. The expml function. The mpfr_expml (expml(z)) function implements the expm1
function as :

expml(z) = e® — 1.

The algorithm used for this calculation is as follows:

u <« ofe")
v 4+ o(u—1)

Now, we have to bound the rounding error for each step of this algorithm.

error(u)

— et < [
ot u=e] < ulplw)

error(v) (%)
veou—1) Jv—("=1) < (1+2%"")ulp(v) (*) gee subsection 23

That shows the rounding error on the calculation of expml(z) can be bound by (1 +
2~ )ulp on the result. So, to calculate the size of intermediary variables, we have to add,
at least, [logy(1 + 2°#~“)] bits the wanted precision.

4.19. The loglp function. The mpfr_loglp function implements the loglp function as:
loglp(z) = log(1 + z).
We could use the argument reduction

T
loglp(x) = 2loglp | —— |,
glp(z) gp(1+m>
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which reduces = to about \/z when z > 1, and in any case to less than x/2 when x > 0.
However, if 1 4+ z can be computed exactly with the target precision, then it is more efficient
to directly call the logarithm, which has its own argument reduction. If 1 4+ z cannot
be computed exactly, this implies that x is either very small, in which case no argument
reduction is needed, or very large, in which case loglp(x) =~ log .

The algorithm used for this calculation is as follows (with rounding to nearest):

v + o(l+ux)
w < of(logv)

Now, we have to bound the rounding error for each step of this algorithm.

error(v) 1

v+ o1+ ) [v—(A+2)] = Fulp(v)

error(w 1 :

o loge) - logl+ )] < (b4 2meeulp(u) () see subscetion

The 2!7¢» factor in the error reflects the possible loss of accuracy in 1 4+ x when x is small.
Note that if v = o(1 + ) is exact, then the error bound simplifies to 2!~ *wulp(w), i.e., 2'77,
where p is the working precision.

4.20. The log2 or logl0 function. The mpfr_log2 or mpfr_logl0 function implements
the log in base 2 or 10 function as :

log x
log2(z) =
0g2() log 2
or
log10(z) — 282
(0] xTr) = .
& log 10

The algorithm used for this calculation is the same for log2 or logl0 and is described as
follows for ¢t = 2 or 10:

u « oflog(a))
v <+ o(log(t))

w4 O(%)

Now, we have to bound the rounding error for each step of this algorithm with x > 0 and

y is a floating number.
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error(u)

u —

A(log(z)) lu—log(z)| < ulp(u)

(o)

error(v)

?(J.S v (logt) v —logt|] < ulp(v)

zfrg(:é%)—‘) v — <11(:)gg:§)| < Sulp(w) (x) é:i subsection 2.0]

That shows the rounding error on the calculation of log2 or logl0 can be bound by 5ulp
on the result. So, to calculate the size of intermediary variables, we have to add, at least, 3
bits the wanted precision.

4.21. The power function. The mpfr_pow function implements the power function as:

pow(z, y) = eV '),

The algorithm used for this calculation is as follows:

u < o(log(x))
v < o(yu)
w + ofe")

Now, we have to bound the rounding error for each step of this algorithm with x > 0 and
y is a floating number.

error(u)
u = u — 10g\x u u) x
" sl ju—log(a)| < ulp(u)
[v—ylog(z)] < ulp(v) + |yu — ylog(z)] )

error(v) < ulp(v) +ylu —log(z)| ule
v Alyxu) < ulp(v) + yulp(w) by 5
*) < wlp(v) + 2ulp(yu) (x)  with  [Rulef]

< 3ulp(v) (%*)
error(w) (%) see subsection
w <+ ofe?) jw—e’] < (1432 ulp(w)  with ¢ = 1 for (.)-

That shows the rounding error on the calculation of 2¥ can be bounded by 14 3 - 25P(¥)+1
ulps on the result. So, to calculate the size of intermediary variables, we have to add, at
least, [logy(1 4+ 3 - 25®P(+1)] bits to the wanted precision.

Exact RESULTS. We have to detect cases where ¥ is exact, otherwise the program will loop
forever. The theorem from Gelfond/Schneider (1934) states that if a and § are algebraic

numbers with a # 0, a # 1, and 3 ¢ Q, then o is transcendental. This is of little help for us
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since B will always be a rational number. Let x = a2°, y = 2%, and assume 2V = €2/, where
a,b,c,d, e, f are integers. Without loss of generality, we can assume a, ¢, e odd integers.

If = is negative: either y is integer, then ¥ is exact if and only if (—x)Y is exact; or y is
rational, then z¥ is a complex number, and the answer is NaN (Not a Number). Thus we
can assume a (and therefore e) positive.

If y is negative, then 2¥ = a¥2% can be exact only when a = 1, and in that case we also
need that by is an integer.

We have a2'202" = ¢2f with a,c,e odd integers, and a,e > 0. As a is an odd integer,
necessarily we have a®?" = e and 202" = 27, thus be2? = f.

If d > 0, then a® must be an integer: this is true if ¢ > 0, and false for ¢ < 0 since

d . .. d . .
a?’ = _1c2d < 1 cannot be an integer. In addition a®®" must be representable in the given
a
precision.
d’ . /
Assume now d < 0, then a? = 2" with d' = —d, thus we have a° = e’ , thus a® must

be a 2%-th power of an integer. Since ¢ is odd, @ itself must be a 2¢-th power.
We therefore propose the following algorithm:

Algorithm CheckExactPower.
Input: x = a2’, y = 24, a, c odd integers
Output: true if 2¥ is an exact power €2/, false otherwise
if z < 0 then
if y is an integer then return CheckExactPower(—zx,y)
else return false
if y < 0 then
if a = 1 then return true else return false
if d < 0 then
if a2’ is not a 27 power then return false
return true

Detecting if the result is exactly representable is not enough, since it may be exact, but
with a precision larger than the target precision. Thus we propose the following: modify
Algorithm CheckExactPower so that it returns an upper bound p for the number of significant
bits of x¥ when it is exactly representable, i.e. z¥ = m-2¢ with |m| < 2P. Then if the relative
error on the approximation of z¥ is less than % ulp, then rounding it to nearest will give x¥.

4.22. The integer power. The integer power mpfr pow ui is computed as follows. We
compute an approximation of " by binary exponentiation. The error analysis for binary
exponentiation is the same as if we did naive exponentiation, computing z2, 23, ..., 2" !, 2"
with n — 1 successive multiplications, and Lemma 1| gives the error bound.

4.23. The real cube root. The mpfr_cbrt function computes the real cube root of . Since
for x < 0, we have /x = —/—x, we can focus on = > 0.

Let n be the number of wanted bits of the result. We write x = m-23¢ where m is a positive
integer with m > 2373, Then we compute the integer cubic root of m: let m = s* + r with
0 <randm < (s+1)3. Let k be the number of bits of s: since m > 2373 we have s > 2"}
thus k > n. If k > n, we replace s by [s2"7*| e by e + (k —n), and update r accordingly so

that = = (s 4 )23 still holds (be careful that » may no longer be an integer in that case).
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Then the correct rounding of /x is:

s2¢ if r =0 or round down or round nearest and r < gsz + %s + %,
(s+1)2°  otherwise.

23n 23n73

Note: for rounding to nearest, one may consider m > instead of m > , i.e. taking
n+ 1 instead of n. In that case, there is no need to compare the remainder r to %S2 + %s + %:
we just need to know whether » = 0 or not. The even rounding rule is needed only when the
input x has at least 3n 4+ 1 bits, since the cube of a odd number of n 4+ 1 bits has at least
3n + 1 bits.

4.24. The k-th root. The k-th root mpfr_root of x > 0 is computed as follows. First write
r = m - 2° with m and e integers, e multiple of k. If m < 25?1 where p is the target
precision — plus 1 for rounding to nearest —, we multiply m by 2* for some integer ¢t > 0
and subtract kt from e such that 25— < .2k < 2kP i e the integer square root of m - 2+
has exactly p bits.

We thus now have x = m - 2¢ where 25°=Y < m and e multiple of k. We then call the
mpz_root function from GMP, which computes s such that s* < m < (s+1)*, and tells us if
the left equality holds or not (this gives the round bit for directed rounding, and the sticky
bit for rounding to nearest, in which case the round bit is the least significant bit of s). If s
has more than p bits, the round and sticky bits can both be determined from the low bits
of s.

Note: this algorithm is inefficient since it deals with intermediate values of O(kp) bits.

4.25. The exponential integral. The exponential integral mpfr_eint is defined as in [,
formula 5.1.10]: for « > 0,

o k
T
k=1 ’

and for x < 0 it gives NaN.
We use the following integer-based algorithm to evaluate Y-, ]f—;;, using working precision
w. For any real v, we denote by trunc(v) the nearest integer toward zero.

Approximate x by m - 2¢ with m an integer
having exactly w bits, such that |x — m - 2¢] < 2¢
s+ 0
t < 2v
for k:=1do

t < trunc(tm?22¢/k)

u < trunc(t/k)

S s+u
Return s - 27",

Note: in t <« trunc(tm2°¢/k), we first compute tm exactly, then if e is negative, we first
divide by 27¢ and truncate, then divide by £ and truncate; this gives the same answer than
dividing once by £27¢, but it is more efficient. Let ¢, be the absolute difference between t
and 2¥z* /k! at step k. We have ¢y = 0, and €, < 1+ €,_1m2°/k +t,_1m2°T1%/k, since the
error when approximating x by m2° is less than 2¢ < m2°t1=%_ Similarly, the absolute error

on u at step k is at most v < 1+ €;/k, and that on s at most 7, < 7,1 + . We compute
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all these errors dynamically (using MPFR with a small precision), and we stop when |¢| is
smaller than the bound 7, on the error on s made so far.
At that time, the truncation error when neglecting terms of index k + 1 to oo can be

bounded by (|t| + ) /k(|x|/k + |[*/k* + - ) < (|t] + ex) x|/ R/ (k = |2]).

Asymptotic Expansion. For x — oo we have the following non-converging expansion [,

formula 5.1.51]:

) .1 1 2 6 24
Ei(z) ~ e (x+$2+x3+x4+x5+ )
The kth is of the form klz=*~!. The smallest value is obtained for k ~ z, and is of the order
of e7®. Thus assuming the error term is bounded by the first neglected term, we can use
that expansion as long as e™® < 27P where p is the target precision, i.e. when x > plog 2.

For x < 0, the function mpfr_eint returns the value of E;(—x), defined by [I, formula
5.1.11):

By () =~ log(r) - 3 I

We use the very same algorithm and error analysis as above (including the asymptotic
expansion).

4.26. The gamma function. The gamma function is computed by Spouge’s method [26]:

[a]-1
D 1)~ (= a2 [Var 3 A0
k=1

which is valid for ®(z + a) > 0, where

(-1
(k—1)!
Here, we choose the free parameter a to be an integer.

According to [22], Section 2.6], the relative error is bounded by a=/2(27)~%"'/2 for a > 3
and R(z) > 0. See also [25].

cp(a) = (a — k)F1/2eak,

4.27. The incomplete gamma function. The incomplete gamma function is defined for
x >0 as (it can be defined by continuity for a being zero or a negative integer):

Ia,x) = /OO t* Lexp(—t)dt = I'(a) — v(a, ),

with the complementary incomplete gamma function 7 (a, x) defined by:

v(a,x) = / t"texp(—t)dt,
0
satisfying the two Taylor expansions [I], formula 6.5.29]:

_ .a . (_x)k _.a L
v(a,z) = ;m—x eXp(—if)z%a<a+1)...(@+k)‘
10

o k
k=



We use the second expansion, and we stop adding terms of the series when the current term
is less than one ulp of the current sum, and |z/(a + k)| < 1/2. The last condition ensures
that the tail of the series is less than twice the current term, thus the approximated sum s
satisfies s = S(1 4 0)® with S the exact sum, and |f] < 27* with w the working precision.
If the series was computed up to index k, the error on ~y(a,x) is less than 4k + 14 ulps.
Subtracting from I'(a) can yield a huge cancellation: we take into account the exact error
bound, which is deduced from the different exponents involved. Further details can be found
in the source code.

For negative integers a we use the following formula [T, formula 6.5.19]:

_1)" S AV

P(=nz) = T By () — e S ELAY,

n! I+l

j=0

4.27.1. Legendre’s continued fraction. In [9], Gautschi discusses the computation of I'(a, x)
with Legendre’s continued fraction:

1 1—al2—-a 2
r+ 1+ x4+ 2+ 2+
where by contracting two consecutive terms we get:

(7) x %" (a,x) = Z tr,
k=0

x %" T (a,z) =

with ¢, = pop1---pr, po = 1, 09 = 1, and for k > 1, p = —aror—1/(1 + aror_1), o =
1/(1 + CLkO'kfl), and:

k(a — k)
(x4+2k—1—a)(z+2k+1—a)
Gautschi proves that when = > 1/4 and a < x + 1/4, then |p;| < 1 for all ¥ > 1. However,
this is not enough to bound the tail of the above series.

We consider here the case where a < —1, thus ay < 0 (remember I'(a, z) is only defined
for x > 0). When k goes to infinity, ap = —1/4 + z/(4k) + O(1/k?). We prove that for
k > 2max(z, |a|), we have ay > —1/4 + x/(8k). Indeed,

1z x(4k?® — 2kz +2za — 2* — a® + 1) + 2k(a® — 1)
G I TR T T Skt k—l-a)(et2k+1l—a)
The denominator is positive for k£ > 1 as long as x —a+1 > 0, which holds since we assumed
a < —1. The second term 2k(a* — 1) in the numerator is non-negative since a < —1; the
factor of x in the first term satisfies since k£ > x:

4k* — 2kx + 2xa — 2* — a® + 1 > 4k* — 2kx — 2kla| — 2* — a® + 1.

ap —

Since the right-hand side is symmetric in z and |a|, we can assume without loss of generality
that © > |a|. Then 4k? — 2kz +2za— 2% —a®+1 > 4k* —4kx — 222 +1 = (2k —x)* — 322 + 1,
which is positive when k > 2x.

Since ay > —1/4 + x/(8k), we have —1/4 < a;, < 0, and since o, = 1/(1 + agor_1) with
oo = 1, it follows by induction that 1 < o, < 2 for all £ > 0. It yields for a < —1 and
k > 2max(z, |al):

—AK0k—1

= — " - < Aap <1-—x2/(2k).
1—|—ak0'k_1_ k= /( )
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Assume now that we stop the series computation in Eq. after t,. The neglected part
is:
te(Prt1 + Prr1Pr+2 + Pr1Prr2Pirs + ).
Let ug ¢ := prpr+1--- pe- Since p; <1 —x/(2j) and log(l —u) < —u for 0 < u < 1:
‘ ‘ x ‘1 T
log up,e = Zlogpj < Zlog(l —5) ST 5= W) — (k4 1)),
Jj=k j=k j=k
Using log(t — 1) < ¢(t) < logt yields:
x
log ugs < E(log(k +1) —log(¥)).
Now since pp < 1:

k41
k+j

).

o0 o0 x
Pk + PePr+1 T PrPr1Prr2 T S 1+ Z;l upe < 1+ Zl exp(§ log
= j:

We split the sum into blocks of k + 1 consecutive terms:

o) 00 ]{Z—f-l z/2
> e < 3 (15)

(=k+1 j=1

z/2 z/2 z/2
(k+1) (Z—E) +(k+1) (212112) +(k+1) (3]2113) +
< (B+1)A+ (1222 +(1/3)*2 + ) = (k+1)C(2/2).

Lemma 6. Assume a < —1, and we stop the series computation in Eq. after ty, with
k > 2max(z, |a|). Then the error on the sum of the right hand side of Eq. is bounded by

t(1 4+ (k4 1)(z/2)).

4.28. The Riemann Zeta function.

IN

4.28.1. Special cases. As usual, special inputs are first taken into account: NaN, infinities,
zeros, but also values close enough to 0 (see below), even negative integers, and 1 (pole).

Let us focus on ((s), where s has a small exponent. In theory, this case could be handled
by the reflection formula (§4.28.3), but as the term ((1 — s) of this formula is close to the
pole of ¢ at 1, this method would be slow (and could even yield an internal overflow for tiny
s), while the correctly rounded result can be determined very quickly when s is close enough
to 0. We have around 0:

((s) = —% - %log(%r)s +...

and for |s| <274, we have [((s) 4+ 1/2| < |s|. Thus if |s|] < 27* and |s| < tulp(1/2) in the
target precision p, we can deduce the correct rounding for any rounding mode. The second
condition can be rewritten: |s| < 2727P. For p > 2, the second condition implies the first
one, and it is sufficient to have Exp(s) < —2 — p. For p = 1, if we assume Exp(s) < —2 — p,
then |s| < %2_2_1" = 271 so that both conditions are also satisfied. Thus, for any target

precision p > 1, a sufficient condition is Exp(s) < —2 — p, or equivalently Exp(s) + 1 < —p.
42



4.28.2. Case s > 1/2. The algorithm for the Riemann Zeta function for s > 1/2 is due to
Jean-Luc Rémy and Sapphorain Pétermann [20, 2I]. We use the Euler-MacLaurin summa-
tion formula, applied to the real function f(x) = z=° for s > 1:

N-1 P
IR T 1 By (s+2k—2\ 1
¢s) = ; BN (5= N1 ; 2%k < 2% — 1 )Ns+2k—1

+ RN,p<S),

with |Ry,(s)| < 279, where By denotes the kth Bernoulli number,

dlog2+ 0.61 log(2
P:max(o,[ o +062+80g( 7?/8)1>7

and N = [2@-D/5]if p =0, N = [222=2] if p > 0.
This computation is split into three parts:

N-1 1
A= k=% +-N"*°

p p
B=>) T,=N""sY ClN
k=1

k=1
Nfs+1
T s 1
where Gy = B2t 11y, = [[75%(s + j), and Ty = N'=2=2CyI,.

Rémy and Pétermann proved the following result:

Theorem 1. Let d be the target precision so that |Ry,(s)| < 27¢. Assume Il =d —2 > 11,
i.e. d > 13. If the internal precisions for computing A, B, C' satisfy respectively

3log N 1log N
& 801 47,

Dy>11+ [= -
A= +(2 log 2 2 log?2

then the relative round-off error is bounded by 27, i.e. if z is the approzimation computed,

we have

|+5 Dp>I+14, Dc>T+|

[C(s) — 2 < 27M¢(s)]-

4.28.3. Case s < 1/2. For s < 1/2, we use the reflection formula:

((s) = 2°7* 'sin <%8> I(1—s)C(1—s).

For simplicity, to avoid taking into account the error from the I' and { inputs, we will
ensure that 1 — s is represented exactly. Thus its precision may need to be much larger than
the target precision. However, for efficiency reasons, the internal working precision ¢ will
still be based only on the target precision as usual.

So, assuming that no underflows nor overflows occur, the terms I'(1 — s) and (1 — s) will
each have an error factor of the form 1+ 6, with |§] <279,

Assuming that I' and ¢ have a larger complexity than the other terms, we would like the
other error factors not to be significantly larger than 1 4+ 279. Otherwise we would have

wasted time by computing I'(1 — s) and {(1 — s) with more precision than really needed.
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Concerning the term 757!, if the constant 7 is represented by a variable x with a precision
ps to the nearest, then (1 —2777)z < 7 < (14 27P)z. So,

(1 + 2—pz)s—1$s—1 S 7_(_5—1 S (1 o 2—pm)s—1x5—l’

ie.,
(1 o 2—px)1—s,n_s—1 S ZL’S_I S (1 4 2_px)1_871'8_1,
We want (1 —s)277* to be small and of the order of 277. We will choose p, = ¢ —Exp(1—s),
so that (1 — s)277* < 277 The value 257! will be computed and rounded to the working
precision by the mpfr_pow function, giving another error term of the form 14-0, with || < 279.
Concerning the term sin ( 5 ) because of the factor 7 in the argument, we will do the
range reduction ourselves: it will much simpler and faster than the one in mpfr _sin, and

this will allow us to select the intermediate precision more accurately.
(WORK IN PROGRESS — May not correspond to the implementation yet.)

4.28.4. The integer argument case. In case of an integer argument s > 2, the mpfr_zeta ui
function computes ((s) using the following formula from [4]:
n—1
1 (=1)*(dn — di)
C(S> = 1—s S
d, (1 —21=9) (k+1)

+ Vu(s),

k=0
where

3 1 (n+i— 1 '4Z
n < d d
o< g e =L

It can be checked that the dj are integers, and we compute them exactly, like the denom-
inators (k + 1)°. We compute the integer

Z fsid
k=
The absolute error on S is at most n. We then perform the following iteration (still with
integers):
T+ S
do
T« T2
S=54+T
while 7" # 0.
Since —h— = 1+ 27+ 22079 4 ... "and at iteration i we have T = |S2'1~%], the error
on S after this loop is bounded by n + [ 4+ 1, where [ is the number of loops.

Finally we compute ¢ = L%j, where p is the working precision, and we convert g to a
p-bit floating-point value, with rounding to nearest, and divide by 2?7 (this last operation is
exact). The final error in ulps is bounded by 1+2#(n+1+2). Since S/d,, approximates ((s),
it is larger than one, thus ¢ > 2P, and the error on the division is less that %ulpp(q). The
error on S itself is bounded by (n+1+1)/d, < (n+1+1)2'"? — see the conjecture below.

Since 2'? < ulp,(¢), and taking into account the error when converting the integer g (which

3

may have more than p bits), and the mathematical error which is bounded by e \[)n < 5

the total error is bounded by n + [ 4+ 4 ulps.
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Analysis of the sizes. To get an accuracy of around p bits, since ((s) > 1, it suffices to have
Va(s)| <277, ie. (3 ++/8)" > 2P, thus n > ap with a = m;&%\@ ~ 0.393. It can be easily
seen that d,, > 4", thus when n > ap, d,, has at least 0.786p bits. In fact, we conjecture
d, > 2P~! when n > ap; this conjecture was experimentally verified up to p = 1000.

Large argument case. When 37° < 277 then ((s) &~ 1 4+ 27° to a precision of p bits. More
precisely, let 7(s) := ((s) = (14+27°) =37°+47°+---. The function 3°r(s) = 1+ (3/4)° +
(3/5)% + - -+ decreases with s, thus for s > 2, 3%r(s) < 3% - r(2) < 4. This yields:

IC(s) — (14+27%)| < 4.3

If the upper bound 4 - 37% is less than fulp(1) = 277, the correct rounding of {(s) is either
1 + 27¢ for rounding to zero, —oo or nearest, and 1 + 27% 4+ 2177 for rounding to +oo.

4.29. The arithmetic-geometric mean. The arithmetic-geometric mean (AGM for short)
of two positive numbers a < b is defined to be the common limits of the sequences (a,,) and
(b,) defined by ag = a, by = b, and for n > 0:

an + b,
Ap1 = anbna bn+1 = .
2
We approximate AGM(a, b) as follows, with working precision p:

s1 = o(ab)
ur = o(y/51)
v1 = o(a + b)/2 [division by 2 is exact]
for n := 1 while Exp(v,,) — Exp(v, —u,) < p—2do
Upt1 = (U + vy,)/2 [division by 2 is exact]
if Exp(v,,) — Exp(v, — u,,) < p/4 then
s = o(upvy)
Unt1 = o(y/s)
else
s = o(v, — uy)
t = o(s?)/16 [division by 16 is exact]
w = o(t/vy11)
return r = o(v,, 1 — w)

endif

The rationale behind the if-test is the following. When the relative error between a,, and b, is
less than 277/4 we can write a,, = b, (1+¢) with |e| < 277/%. The next iteration will compute

any1 = Vapb, = bp/1+¢€, and b,y = (a, + b,)/2 = b,(1 + €/2). The second iteration

will compute a,12 = \/Gni1bni1 = bn\/\/l +e(l+€/2), and byio = (apy1 + bpe1)/2 =
bn(V14€/24+1/2+¢/4). When € goes to zero, the following expansions hold:

B 1 1, 14, 11, s
\/\/1+€(1+€/2) = 1+§€—E6 +§E —mG —|—O(€)

1 1 1 5)
VIte/241/24€/4 = 1+ - —+ — — —* + O(%),

2 16 32 256
which shows that a,.o and b, agree to p bits. In the algorithm above, we have v,

bu(1 + €/2), s = —b,e [exact thanks to Sterbenz theorem|, then ¢ ~ €%b?/16, and w
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(b,/16)€*/(1 + €/2) ~ b,(¢*/16 — €3/32), thus v,,; — w gives us an approximation to order
¢t. [Note that w — and therefore s,¢ — need to be computed to precision p/2 only.]

Lemma 7. Assuming u < v are two p-bit floating-point numbers, then u' = o(y/o(uv)) and
v =o(u+v)/2 satisfy:
u<u, v <w.

Proof. 1t is clear that 2u < u 4+ v < 2v, and since 2u and 2v are representable numbers,
2u < o(u+v) < 2v, thus u <v' <.

The result for ' is more difficult to obtain. We use the following result: if z is a p-bit
number, s = o(z?), and ¢ = o(,/s) are computed with precision p and rounding to nearest,
then t = .

Apply this result to x = u, and let s’ = o(uv). Then s = o(u?) < &', thus u = o(y/s) <
o(\/y ) = «’. We prove similarly that v’ < v. O

Remark. We cannot assume that v’ < ¢’. Take for example v = 9, v = 12, with precision
p=4. Then (u+ v)/2 rounds to 10, whereas y/uv rounds to 112, and v/112 rounds to 11.

We use Higham error analysis method, where 6 denotes a generic value such that |0] < 277.
We note a,, and b,, the exact values we would obtain for u,, and v,, respectively, without round-
off errors. We have s; = ab(1 +0), u; = ay(1+ 0)*2, vy = by (1 + ). Assume we can write
Up = ay(1+ 0)* and v, = b,(1 + 0)” with a, 8 < e,. We thus can take e; = 3/2. Then as
long as the if-condition is not satisfied, v, 1 = byt (14+6) and wy 1 = apyy(1+60)e+3/2,
which proves that e, < 3n/2.

When the if-condition is satisfied, we have Exp(v, — u,) < Exp(v,) — p/4, and since
exponents are integers, thus Exp(v, — u,) < Exp(v,) — (p+1)/4, i.e. |v, — up|/v, < 2037P)/4

Assume n < 2P/4 which implies 3n|0|/2 < 1, which since n > 1 implies in turn |§] < 2/3.
Under that hypothesis, (14 6)3"/2 can be written 14 3n# (possibly with a different |§] < 277
as usual). Then |b, — a,| = |v,(1 + 3n0) — u, (1 4 3nd)| < |v, — u,| + 3n|6|v,.

For p > 4, 3n|0| < 3/8, and 1/(1 + z) for || < 3/8 can be written 1 + 52'/3 for ' in the
same interval. This yields:

b, — ay| |V, — wn| + 30|0lvn, U — Uy |Up, —un| 8
bn, vp (1 + 3n0) o, + 5l Up, * 5( nf)
< % .9B-p)/4 45_8 L9/ < 59, 97P/4

Write a, = b, (14 ¢) with |¢| < 5.2-27P/4, We have a, .1 = b,v/1 + € and b1 = b, (1 +¢/2).
Since vVI+e =1+ ¢/2 — g° with |v| < |e], we deduce that |byiy — apia] < $02(by| <
3.38-27P/2b,,. After one second iteration, we get similarly |b,4o — Gpia| < £(3.38- 27P/2)2p, <
32-7p,,.

’ Let ¢ be the precision used to evaluate s, ¢ and w in the else case. Since |v, — u,| <
20B=p)/4y, it follows |s| < 1.8 -27P/4y, for ¢ > 4. Then t < 0.22-277/2y,,. Finally due to the
above Lemma, the difference between v, 1 and v, is less than that between u, and v,, i.e.

v < L <2 forp>7. Wededuce w < 0.22- 2772V (1 4 279) < 0.47 - 272y, <

v
Un+1 — 1-2B-p)/4 Un+1
0.94-27P/2y, ..
The total error is bounded by the sum of four terms:

e the difference between a, s and b, 2, bounded by %2_pbn;
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e the difference between b, .5 and v, 9, if v,,2 was computed directly without the
final optimization; since v,yo = bnyo(l + 0)3F2/2 if n 42 < 2°/4 similarly as
above, (14 60)3"*2/2 can be written 14 3(n + 2)6, thus this difference is bounded by
3(n+2)-27Pb,0 < 3(n+2)-27Pby,;

e the difference between v, o computed directly, and with the final optimization. We
can assume v, o is computed directly in infinite precision, since we already took into
account the rounding errors above. Thus we want to compute the difference between

V UnUn + W and Up, + Up . (’Un B un)Z

2 2 8(uy + vp)
Writing w,, = v, (1 + €), this simplifies to:

Vitetl+e/2 (1+e/2 €& :—_1€4+O(65)
2 2 18 + 8¢ 256
. . 1 4 1 -
For |e| < 1/2, the difference is bounded by 5e'vy, < 1552° Py,

e the round-off error on w, assuming u, and v, are exact; we can write s = (v, —
w) (14 0), t = (v, —u,)2(1 4 60)%, w = L= (1 4 )4 For ¢ > 4, (1+6)* can be

16Un+1
written 1+ 56, thus the round-off error on w is bounded by 50w < 4.7-277/>=1y, ;.

For g > p/2, this gives a bound of 4.7 - 27Pv,,,4.

Since b, = v,(1 4 3nf), and we assumed 3n|6|/2 < 1, we have b, < 3v,, thus the first two
errors are less than (9n + 45/2)27Pv,; together with the third one, this gives a bound of
(9n + 23)27Pu,; finally since we proved above that v, < 2v,41, this gives a total bound of
(18n + 51)27Pv,41, which is less than (18n + 51)ulp(r), or twice this in the improbable case
where there is an exponent loss in the final subtraction r = o(v,41 — w).

4.30. The Bessel functions.

4.30.1. Bessel function J,,(z) of first kind. The Bessel function J,,(z) of first kind and integer
order n is defined as follows [I, Eq. (9.1.10)]:

(s) J(2) = (2/2)" %

It is real for all real z, tends to 0 by oscillating around 0 when z — +o0, and tends to 0
when z — 0, except Jy which tends to 1.
We use the following algorithm, with working precision w, and rounding to nearest. Warn-
ing! This algorithm assumes that no underflows/overflows occur.
x + o(z")
y < o(2?)/4 [division by 4 is exact]
u < o(n!)
t < o(x/u)/2™ [division by 2" is exact]
st
for k£ from 1 do
t < —o(ty)
t + o(t/k)
t<o(t/(k+n))

s <4 o(s+1)
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if [t| < ulp(s) and 2% < 2k(k + n) then return s.

The condition 2% < 2k(k + n) ensures that the next term of the expansion is smaller than
|t|/2, thus the sum of the remaining terms is smaller than |¢| < ulp(s). Using Higham’s
method, with 6 denoting a random variable of value |§] < 2% — different instances of 0
denoting different values — we can write z = 2™(1 + 6), y = 2%2/4(1 + 6), and before the
for-loop s = t = (2/2)"/n!(1 + 0)3. Now write t = (2/2)"(—22/4)*/(k!(k + n)!)(1 + 6)**
at the end of the for-loop with index k; each loop involves a factor (1 + 6)%, thus we have
er, = 4k + 3. Now let T' be an upper bound on the values of |¢| and |s| during the for-loop,
and assume we exit at k = K. The roundoff error in the additions o(s + t), including the
error in the series truncation, is bounded by (K /2 + 1)ulp(7’). The error in the value of ¢ at
step k is bounded by ¢ := T|(1 + 0)*+3 — 1|; if we assume (4k + 3)27% < 1/2, Lemma
yields €, < 27(4k + 3)27%. Summing from k = 0 to K, this gives an absolute error bound
on s at the end of the for-loop of:

(K/2+ Dulp(T) + 2(2K2 + 5K + 3)27"T < (4K + 21/2K + T)ulp(T),
where we used 277" < ulp(7).

Large index n. For large index n, formula 9.1.62 from [1] gives |J,,(2)| < |z/2|™/n!. Together
with n! > v/2mn(n/e)", which follows from example from [1, Eq. 6.1.38], this gives:

e < = (50)"

Large argument. For large argument z, formula (8| requires at least k =~ 2/2 terms before
starting to converge. If k < z/2, it is better to use formula 9.2.5 from [I], which provides at
least 2 bits per term:

Jn(2) = \/%[P(n, z) cos x — Q(n, z) sin x|,
where x = z — (n/2+ 1/4)m, and P(n, z) and Q(n, z) are two diverging series:
R [(1/2 +n+ 2k)(22) 72k B [(1/2 4+ n+ 2k +1)(22)" %1
Pn,z)~ ) (-1)f ORIT(A/2 502k Q2= 2 (- Qk+ D)IT(1/2+n—2k—1)

k=0 k=0

[e.9]

If n is real and nonnegative — which is the case here —, the remainder of P(n, z) after k
terms does not exceed the (k + 1)th term and is of the same sign, provided k > n/2 — 1/4;
the same holds for Q(n, z) as long as k > n/2 — 3/4 |1, 9.2.10].

If we first approximate y = z — (n/2 + 1/4)7 with working precision w, and then approx-
imate cos x and sin y, there will be a huge relative error if z > 2*. Instead, we use the fact
that for n even,

P(n,z)cosx — Q(n, z)sin x = —(—1)"2[P(n, z)(sin z + cos z) + Q(n, z)(cos z — sin 2)],

Sl

and for n odd,

1
P(n,z)cosy — Q(n, z)siny = E(—l)("’l)/2 [P(n, z)(sin z — cos z) + Q(n, 2)(cos z + sin 2],
where cosz and sinz are computed accurately with mpfr _sin cos, which uses in turn

mpfr_remainder.
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If we consider P(n, z) and Q(n, z) together as one single series, its term of index k behaves
like I'(1/2+n+k)/k!/T(1/2+n —k)/(22)*. The ratio between the term of index k + 1 and
that of index k is about k/(2z), thus starts to diverge when k &~ 2z. At that point, the kth
term is &~ e~2*, thus if z > p/2log 2, we can use the asymptotic expansion.

4.30.2. Bessel function Y,(z) of second kind. Like J,(z), Y,(2) is a solution of the linear

differential equation:
2, 1

2y + 2y + (22 —n?)y = 0.
We have Y_,(2) = (=1)"Y,(2) according to [1, Eq. (9.1.5)]; we now assume n > 0. When
z — 0%, Y, (2) tends to —oo; when z — 400, Y,,(2) tends to 0 by oscillating around 0 like
Jn(z). We deduce from [27, Eq. (9.23)]:

Ya(=2) = (=1)"[Ya(2) + 2iJu(2)];

which shows that for z > 0, Y,,(—=z) is real only when z is a zero of J,(2); assuming those
zeroes are irrational, Y, (z) is thus NaN for z negative.
Formula 9.1.11 from [I] gives:

N = S PR a2

Z 1) +v(n+k+ ))—]i;;f]z)!,

k=0
where 1(1) = —~, v being Euler’s constant (see §5.2)), and ¥)(n+1) = ¢ (n) + 1/n for n > 1.
Rewriting the above equation, we get

TYo(2) = —(2/2)7"S) + Sa — (2/2)"Ss,

TL

where S = Y1, W(zz/él)k is a finite sum, Sy = 2(log(z/2) + v)J.(2), and S5 =
> re o (e + hotr) k,znfrk)), , where hy =141/24---41/k is the kth harmonic number. Once

we have estimated —(z/2)7"5; + 52, we know to which relative precision we need to estimate
the infinite sum S3. For example, if (z/2)" is small, typically a small relative precision on
S3 will be enough.
We use the following algorithm to estimate S;, with working precision w and rounding to
nearest:
y < o(2?)/4 [division by 4 is exact]
f + 1 [as an exact integer]

s+ 1

for k£ from n — 1 downto 0 do
s < o(ys)
f+< (n—=k)(k+1)f [nl(n— k)k! as exact integer]
s« o(s+ f)

f < /[ [integer, exact]

s« o(s/f)

Let (146)% —1 be the maximum relative error on s after the look for k = n—j,1 < j < n, ie.,
the computed value is sx(1 + 6)9 where s; would be the value computed with no roundoff

error, and || < 27*. Before the loop we have ¢, = 0. After the instruction s < o(ys)
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the relative error can be written (1 + 6)%-172 — 1, since y = 22/4(1 + ') with |¢'] < 27,
and the product involves another rounding error. Since f is exact, the absolute error after
s < o(s+ f) can be written |Spax||(1+6)%-113 — 1|, where |spay| is a bound for all computed
values of s during the loop. The absolute error at the end of the for-loop can thus be
written |Spmax|[(1 4 6)" — 1|, and [Spax||(1 + 0)3" ™! — 1| after the instruction s < o(s/f).
If (3n + 1)27* < 1/2, then using Lemma 2 [(1 + 0)*"*! — 1] < 2(3n + 1)27%. Let e be
the exponent difference between the maximum value of |s| during the for-loop and the final
value of s, then the relative error on the final s is bounded by

(3n + 1)2¢1.

Assuming we compute (z/2)" with correct rounding — using for example the mpfr_pow_ui
function — and divide S; by this approximation, the relative error on (z/2)~"S; will be at
most (3n + 3)2¢+1w,
The computation of S, is easier, still with working precision w and rounding to nearest:
t < o(log(z/2))
U < o(fy)
v 20 (t+u) [multiplication by 2 is exact]
x < o(J,(2))
s < o(vx)

Since z/2 is exact, the error on ¢ and u is at most one ulp, thus from the ulp-error on v
is at most 1/2 4 25PH=Exp(v) 4 gExp(u)=Exp(v) < 1 /2 4 2¢F1 where e = max(Exp(t), Exp(u)) —
Exp(v). Assuming e + 2 < w, then 1/2 + 2¢"! < 2@~! thus the total error on v is bounded
by |v], thus we can take ¢t = 2 for v in the product s — o(vz) (cf §2.4); similarly ¢© = 2
applies to = < o(J,(2)), thus yields the following bound for the ulp-error on s:

1/24+3(1/2+ 2T +3(1/2) = 7/2 + 3 - 2¢71 < 2074,

(Indeed, the smallest possible value of e is —1.)

The computation of S3 mimics that of J,(z). The only difference is that we have to
compute the extra term hy + h, 1, that we maintain as an exact rational p/q, p and ¢ being
integers:

x 4+ o(z"
y < o(2?
u < o(n!
t < o(x/u)/2™ [division by 2" is exact]
p/q < hy, [exact rationall
u < o(pt)
s < o(u/q)
for k from 1 do
t < —o(ty)
t « o(t/k)
t < o(t/(k+n))
p/qg+p/g+1/k+1/(n+k) [exact]
u < o(pt)
u < o(u/q)
s < o(s+u)

)
)/4 [division by 4 is exact)]
)
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if Ju| < ulp(s) and 2% < 2k(k + n) then return s.

Using (hgs1+hniki1)k < (hk+hnyx)(E+1), which is true for £ > 1 and n > 0, the condition
2? < 2k(k+n) ensures that the next term of the expansion is smaller than [¢|/2, thus the sum
of the remaining terms is smaller than |t| < ulp(s). The difference with the error analysis
of J, is that here e, = 6k + 5 instead of e, = 4k + 3. Denote U an upper bound on the
values of u, s during the for-loop — note that |u| > |¢| by construction — and assume we
exit at k = K. The error in the value of u at step k is bounded by € := U|(1 + 6)55 — 1];
Assuming (6k +5)27% < 1/2, Lemmal[2] yields ¢, < 2U(6k + 5)27%, and the sum from k = 0
to K gives an absolute error bound on s at the end of the for-loop bounded by:

(K/2+ Dulp(U) +2(3K? + 8K +5)27“U < (6K* + 33/2K + 11)ulp(U),

where we used 27U < ulp(U).

4.31. The Dilogarithm function. The mpfr 1i2 function computes the real part of the
dilogarithm function defined by:

Liy(z) = — /0 log(1 =)

t

The above relation defines a multivalued function in the complex plane, we choose a branch
so that Lis(x) is real for z real, z < 1 and we compute only the real part for z real, z > 1.
When = €]0, 1], we use the series (see [28, Eq. (5)]):

Lig(x) = 20 (ninl)! (—log(1l — z))"**

where B,, is the n-th Bernoulli number.
Otherwise, we perform an argument reduction using the following identities (see [10]):

v €[2,400] R(Lis(z)) = Z —Llog’(x) — Liy (2)
x €]1,2] R(Lig(z)) = %2 — log(z) [log(z — 1) — 4 log(x)] + Lis (1 — 1)
. 2
le(l) = %2
ze]s,1] Liz(z) = % —log(z)log(l —x) — Liy(1 — x)
e [—1,0] Lip(z) = —1log’(1—x)—Lis (-%)
x €] — 00, —1] Lis(z) = —%2 — Llog(1 — z)[2log(—x) — log(1 — )] + Lis (1) .
Assume first 0 < < 3, the odd Bernoulli numbers being zero (except By = —3), we can
rewrite Liy(x) in the form:
log(1 —
Lio(a) = — =D 4 (1051 )
where
_ S DBox 2k+1
S(z) = ; k1)
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Let Sy(2) = > ien (2]:?1),2/2’““ the N-th partial sum, and Ry(z) the truncation error. The

even Bernoulli numbers verify the following inequality for all n > 1 ([Il, Inequalities 23.1.15]):

2(2n)! 2(2n)! 1
o = Pl < Gy (1 - 2) ’

|B2N+2| | ’2N+3< 2|Z| i
(2N +3)! (1 —272N-1)(2N + 3) |27

showing that S(z) converges for |z| < 27. As the series is alternating, we then have an upper
bound for the truncation error |Rx(z)| when 0 < z < log 2:

’RN(Z)| < 2EXp(z)—6N—5'

The partial sum Sy(z) computation is implemented as follows:

so we have for all N >0
IN+2

)

Algorithm 1i2 series
Input: z with z €]0,log 2]
Output: o(S(z))

u < A (2?)

v A(z)

s < A(z)

for k£ from 1 do

v Av/(
w < N (vBy,)

s N(s+w)

if |w| < ulp(s) then return s.

where Bj, = Bor(2k + 1)! is an exact representation in mpn integers.

Let p the working precision. Using Higham’s method, before entering the loop we have
u=2%(1+0),v=s=z2(1+0) where different instances of 6 denote different variables and
0] < 27P. After the k-th loop, v = 2271 /((2k +1)12k(2k + 1)) (1 + 0)%%, w = Boyp2®*1/(2k +
1)[(1 _‘_0)6k+1.

When z €]0, 1], Lis(z) calculation is implemented as follows

Algorithm 1i2.0. .+3

Input: z with z € }0, %], the output precision n, and a rounding mode o,
Output: o, (Liy(z))

u+— N1 -2) error(u) < iulp(u)

u <+ A(—log(u)) error(u) < (14 2= )ulp(u)
t A(S( ) error(t) < (k+ 1)2'7POulp(t)
v+ A(u?)

v+ A(v/4) error(v) < (54 2275PW))ulp(v)
s N(t—v) error(s) < 2%ulp(s)
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if s cannot be exactly rounded according to the given mode o,
then increase the working precision and restart calculation
else return o, (s)

where ks = max(—1, [logy(k +1)] + 1 — Exp(s), max(1, —Exp(u)) — 1 — Exp(s))
When z is large and positive, we can use an asymptotic expansion near oo using the fact
that Liy (2) = 2 + O (&%) (see below):

log>z 72

Li
12(1‘) + 5 3

SHEN

which gives the following algorithm:

Algorithm 1i2_asympt_pos

Input: x with x > 38, the output precision n, and a rounding mode o,,
Output: o, (R(Liz(x))) if it can round exactly, a failure indicator if not
u < N(logz)

v N(u?)
g+ N(v/2)
p < N(m)
q < N(p?)

h + N(q/3)

s« N(g—nh)

if s cannot be exactly rounded according to the given mode o,
then return failed

else return o,(n)

Else, if x € [2,38] or if > 38 but the above calculation cannot give exact rounding, we
use the relation

which is computed as follows:

Algorithm 1i2 2. .+00
Input: z with = € [2,400], the output precision n, and a rounding mode o,
Output: o, (R(Liz(z)))
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g N(-1/2) error(y) < bulp(y)

u <+ N(=log(1+y)) error(u) < (1+275PWW)ulp(u)
q « N(=S(u)) error(q) < 2(k + 1)27%®@ylp(q)
v+ A(u?)

v+ A(v/4) error(v) < (5 + 2375PW)ulp(v)
r < N(q+v) error(r) < 2% ulp(r)

w < A(logx)

w <+ N (w?)

w <+ N(w/2) error(w) < Sulp(w)

s+ N(r—w) error(s) < 2%ulp(s)

p+ A(m)

p NP

p+ N(p/3) error(p) < Fulp(p) < 2°7PPlulp(p)
t < N(s+p) error(t) < 2ftulp(t)

if t can be exactly rounded according to o,,

then return o,,(¢)

else increase working precision and restart calculation

with

ke = 24+ max(—1, [logy(k+1)] + 1 — Exp(r),3 + max(1, —Exp(u)) + Exp(v) — Exp(r))

ks = 2+ max(—1,k, + Exp(r) — Exp(s), 3 + Exp(w) — Exp(s))
ke = 2+ max(—1, ks + Exp(s) — Exp(t),2 — Exp(t))

When z €]1, 2], we use the relation

log? z 2

—logzlog(z — 1) + T

Lis(z) = S(log z) + 5

which is implemented as follows

Algorithm 1i2.1..2
Input: z with = €]1,2], the output precision n, and a rounding mode o,

Output: o, (R(Liz(z)))

[ < A(log ) error(l) < wulp(l)

q < N(S(1)) error(q) < (k -+ 1)27®@ylp(q)

u + N(1?)

u < N(u/4) error(u) < Sulp(u)

r < N(q+u) error(r) < (3 ( + 1)217#P@))ulp(r)
y<+ N(x—1) error(y) < sulp

v < A(logy) error(v) < (1 + 2 Exp(v) )ulp( )

w + N (ul) error(w) < (£ 4 217P0))ulp(w)

s« N(r—w) error(s) < (11 + (k+ 1)2175P@ 4 21=5xp())ylp(s)
p < A(m)

p < N(p?)

p < N(p/6) error(p) < Zulp(p)

t < N(s+p) error(t) < (31 + (k + 1)21750(@) 4 21=xp())yp(¢)
if t can be exactly rounded according to o,,
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then return o,,(¢)
else increase working precision and restart calculation

we use the fact that S(logz) > 0 and u > 0 for error(r), that » > 0 and — log z log(x—1) >
0 for error(s), and that s > 0 for error(t).

When z = 1, we have a simpler value Liy(1) = %2 whose computation is implemented as
follows

Algorithm 1i2 1
Input: the output precision p, and a rounding mode o,
Output: op(%Q)
u < A(m)
u  N(u?)
u < N(u/6)  error(u) < ulp(u)
if u can be exactly rounded according to o,
then return o,(u)
else increase working precision and restart calculation

When z € ]%, 1 [, we use the relation

log?z w2

4 6

Lig(z) = —=S(—logx) — log x log(1 — z) +

which is implemented as follows

Algorithm 1i2 0.5..1
Input: = with z € H, 1 [, the output precision n, and a rounding mode o,
Output: o, (Li2(z))

[+ A(—logx) error(l) < ulp(l)

q — N( S(1)) error(q) < (k+1)2'75®@ylp(q)
N(1—12) error(y) < 3ulp(y)

u <— A(log Y) error(u) < (14 275P@))ulp(u)

v+ N(ul) error(v) < (24 2'7PM)ulp(v)

r < N(q+v) error(r) < 2%ulp(r)

w <+ N(I?)

w < N(u/4) error(w) < Zulp(w)

s N(r+w) error(s) < 2%ulp(s)

p+ A(m)

p NP

p + N(p/6) error(p) < Fulp(p) < 2°7PPlulp(p)

t < N(s+p) error(t) < 2Ftulp(t)

if ¢ can be exactly rounded according to o,,
then return o,,(¢)
else increase working precision and restart calculation

where

Ky = 2+ max(3,[logy(k+1)] +1—Exp(q),1 — Exp(u))
ks = 2+ max(—1,k, + Exp(r) — Exp(s),2 + Exp(w) — Exp(s))

ke = 24 max(—1,ks + Exp(s) — Exp(t),3 — Exp(t))
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Near 0, we can use the relation

L12 i %
n=0

which is true for |z| < 1 [FIXME: ref]. If < 0, we have 0 < Lip(z) —z < %2 and if z is
positive, 0 < Liy(z) —z < (%2 —1)2? < 22 < 220@Hylp(r).
When z € [-1,0[, we use the relation

Lig(z) = —S(—log(1 — x)) — w

which is implemented as follows

Algorithm 1i2 -1..0
Input: x with €] — 1,0[, the output precision n, and a rounding mode o,

Output: o, (Li2(x))

y+ N(1—1x) error(y) < sulp(y)

[+ A(logy) error(l) < (14 27F l))ulp(l)
r« N(=S()) error(r) < (k4 1)2'7=0ylp(r)
u <+ N(=1?)

u < N(u/4) error(u) < (2 +27"*O)ulp(u)

s < N(r+u) error(s) < 2fulp(s)

if s can be exactly rounded according to o,
then return o,(s)
else increase working precision and restart calculation

with
ks = 2+ max(3, [logy(k + 1)] +1 — Exp(r), —Exp(l))
When =z is large and negative, we can use an asymptotic expansion near —oo:

log*(—z) = 1

which gives the following algorithm:

Algorithm 1i2_asympt_neg

Input: x with z < —7, the output precision n, and a rounding mode o,,
Output: o,(Lis(z)) if it can round exactly, a failure indicator if not
l + N(log(—x))

feN@)

g N(f/2)

p < N(m)

q < N(p?)

h < N(q/3)

s« N(g—h)

if s cannot be exactly rounded according to the given mode o,
then return failed

else return o, (s)
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When = €] — 7,—1] or if the above computation cannot give exact rounding, we use the
relation

Liy(z) = S (10g (1 _ é)) _ 10%251—%) _ log(—x) I;Jg(l —2) log2(i— v) | %2

which is implemented as follows
Algorithm 1i2 -c0..-1
Input: = with z €] — 0o, —1[, the output precision n, and a rounding mode o,
Output: o, (Lis(z))

y <+ N(—1/z)

2+ N(1+y)

z < N(log 2)

0+ N(S(2)) error(o) < (k+ 1)2'75®@ylp(o)
y < N(1—ux)

u < A(logy) error(u) < (14 275P®)ulp(u)
v« A(log(—z))  error(v) < ulp(v)

w N (uv)

w <+ N(w/2) error(w) < (24 1)ulp(w)

q < N(o—w) error(q) < 2Raulp(q)

v+ N(v?)

v < N(v/4) error(v) < Sulp(v)

r < N(qg—v) error(r) < 2" ulp(r)

w <+ N (u?)

w <+ N(w/4) error(w) < ulp(w)

s N(r+w) error(s) < 2fsulp(s)

p <+ A()

P+ N(p*)

p + N(p/6) error(p) < Fulp(p) < 2°7PPlulp(p)
t <+ N(s—p) error(t) < 2%ulp(t)

if ¢ can be exactly rounded according to o,
then return o,,(¢)
else increase working precision and restart calculation
where
kg = 1+ max(3,[logy(k+1)] +1—Exp(q))
Ky = 24 max(—1,k,+ Exp(q) — Exp(r),3 + Exp(v) — Exp(r))
(=1, kr + Exp(r) — Exp(s), 3 + Exp(w) — Exp(s))
ke = 24 max(—1,ks + Exp(s) — Exp(t),3 — Exp(t))

Ks = 2+ max

4.32. The Digamma Function. The Digamma function mpfr digamma is defined by:

() = L logT(a),

dx
and is computed from the asymptotic series [25]
1 < B
~1 - — = :
Ylz) ~log 20 2nx2n
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(We assume the error in the sum is bounded by the first neglected term.) Since B, ~
2(2n)!/(2m)72", the terms of the sum decrease until n ~ 7z, and then the error term is
~ e 2™ If x is too small with respect to the target precision, we use the formula [25]:

1

T+]) = : + :
v 7 r+j5—1 x+75-—2
and compute ¢(x + j) instead with the asymptotic formula.
4.33. The Airy Function.
Warning: the current implementation is not made for large arguments. It works fine
typically for |z| < 500. For larger inputs, other methods will be implemented in a close
future.

+---+§+¢(x>,

4.33.1. Definitions. The Ai function is a solution of the differential equation y”(x) = z y(x).
It has a power series developed at 0 that is defined for each x € C (we will consider only the
case x € R in the following):

(9) Ai(z) = Z a; ',

where the sequence a; satisfies the following recurrence:

a = Ai0) = 1/(T(2/3)V9)
ar = A(0) = —1/(T(1/3)V3)
Ay = 0

For each i, we define t; = a; x'. The sequence (t;); satisfies a similar recurrence.
We denote by C' the function defined by

+oo
Cla) =) lail -Jal"
=0

This function is involved in the condition number of the series @

4.33.2. Notations. For the error analysis, we refer to classical techniques and lemmas (see
e.g. [13]). In particular, we use Stewart’s error counter: x (k) represents any value T of the
form

k
=z [J(1+06)*
i=1

where |0;| < u = 2P with p the current precision.
It is known that = (k) = z(1 4+ ) where |u| < 7y, with v, < 2ku when 2ku < 1 (see [13]).
As usual, we denote by Exp(x) the exponent of z (the smallest E € Z such that |z| < 2F).

4.33.3. Technical results.

Fact 1. The function C' satisfies the following inequalities:

Cz) <1 if 0<z<l1
C(x) < %1*1/4 exp (% :E3/2) if x>1
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Fact 2. For z € [1/4, 1], the following holds:
z/T'(z) € [1/16, 1]
M(z) € [-16, —1/2].
So, if a = o(1/3) computed in precision wprec + 4, then we can write I'(a) = ['(1/3) (1) in
precision wprec (the same holds for a = o(2/3)).

Proof. Let a = 1/3 or aw = 2/3. We suppose that a = o(a). So we can write a = (1 +0) «
where |0| < 2737%Pe¢ 50 we have

[(a) =T(a+afb) =T(a)+abl'(&),
where ¢ lies between a and a. In particular, £ € [1/4, 1]. Thus

I(a) = I(a) (1 + e% r’(g)) =T(a)(1+0)

with [¢/| < 16]0] < 2!-veree, O

1 Algorithm: mpfr_ ai

/* except when mentioned, the precision used is wprec */
temp < o(2/3) ; /* with precision wprec +4 */
temp < I'(temp);

t0 « \3/5;

t0 < t0 - temp;

t0 < 1/t0;

7 temp < o(1/3) ; /* with precision wprec+4 */
8 temp < I'(temp);

9 tl + \3’/3;

10 tl1 < tl - temp;

11 tl + —z/tl;

(=B B NIV V]

12 s < t0 + t1;

13 k + 2;

14 while true do

15 | t0+t0-2%/(k-(k+1));

16 | tl«tl-23/((k+1)-(k+2));
17 k < k+ 3;

18 s+ s+ t0+tl;

19 if (Exp(t0) < Exp(s) — prec — 3)

20 and (Exp(tl) < Exp(s) — prec — 3)

21 | and |z*> < k- (k+ 1)/2break;

22 end

23 evalErr < 4 + log, (k) — Exp(s);

24 if |z| > 1 then evalErr < evalErr + (2/3) log,(e)x*/? — log,(7) /4 — 1;
25 correctBits <— min(prec + 1, wprec — evalErr) — 1;
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4.33.4. Algorithm. Algorithm|I]is run to obtain an approximate value of Ai(z) with a relative
error bounded by 27P¢. Except if this is explicitly mentioned, the operations are performed
with correct rounding and with precision wprec. The link between prec and wprec will be

expressed in Section [4.33.4
Analysis : it is clear that, while entering in the loop for the j-th time, & = 3j—1, t0 ~ ¢3;_3,

tl ~ {3, o and s ~ Ef:o t;.

Let K be the value of & when exiting the loop. Hence K = 3j 4+ 2 where j denotes the
number of times that the loop has been performed. Moreover s ~ Zfi oti, t0 >~ t3;, and
tl ~ t3j+1

Hypothesis 1. In the following, we suppose that 2 - (4K) - 217weree < 1.

Roundoff errors. Before entering the loop, t0 = ¢ (4) and t1 = ¢; (4). A trivial recurrence
shows that, at the end of the j-th execution of the loop, we have t0 = t3; (4 4+ 5j) and
tl = t3;41 (4 + 5j). At the end of the j-th execution of the loop, s has been obtained by the
accumulation of 25 + 1 additions. So, when exiting the loop, all the terms of the sum have
accumulated at most 4 + 55 + 27 +1 = 75 + 5 errors, which we conveniently bound by 4K
(remember that K = 3j + 2). So we can write

For each k, we know that t;, (4K) = t;(1 + ) where
P | < yux <2 (4K) - 27" (here we use the hypothesis [).

s = <i tk> + (i b u(’“>> )

k=0 k=0

Hence

and we can bound the roundoff errors by

K
S — Ztl
=0

K +o0
< Z |tl| Yarx < Var Z |tk’ < C((L’) . (SK 21—Wprec).

C(x)
We remark that, by definition of evalErr and by Fact [I, we have

O(ZL‘) < 2Exp(s)+eva|Err—4—log2(K)'

So, finally

K

S—Ztl

1=0

< 2Exp(s) +evalErr—wprec

Remark: during the algorithm t0 = t3; (4 + 5j), so in particular |t3;] < 2|t0|. The same
remark holds for t1 and ¢3;41.
Approximation error. The stopping criterion ensures that, for n > K, |t,11] < |th_2|/2.

Besides, we recall that K = 35 4+ 2. Thus
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t3;
+4+8+ - < ts4]

Z t3r| <

k=j+1

Using the remark above, we can bound |ts;| by 2[t0] < 2##P(t0) The stopping criterion of
the loop ensures that Exp(t0) < Exp(s) — prec — 3 so we conclude that

—+00

Z L3k

k=j-+1

< 2Exp(s)—prec—2

Likewise,

+oo
Z tapr1| < 2EXP(5)*prec72'

k=j+1

From this, we deduce the following upper bound on the approximation error:

Zt

Overall error. By definition of correctBits, we finally get

2Exp —prec—1

|A1<5L’) - 5| < 9Exp(s)—correctBits

Determination of wprec. The variable prec must be chosen slightly larger than the final
target precision, in order to bypass the TMD. In practice we keep a few guard bits, which
ensures that we do not encounter bad cases too often. The Ziv’ loop is performed over prec.

We would like the roundoff errors and the approximation error to be approximately of the
same order of magnitude, i.e.

wprec = prec + 1 + evalErr.

The value evalErr depends on Exp(s) (that we do not know, a priori) and on K (idem).
We may estimate K ~ prec (anyway, only the logarithm of this value is used, so we do not
care too much of this value) Concerning Exp(s), when x > 0, it is possible to rigorously
estimate it with the following inequalities. When x < 0, it is more obfuscated since Ai(x)
can be arbitrarily close to zero. I do not have any estimation yet.

Fact 3. The following inequalities hold:

Ai(:c)>1/8 if 0<x<1
Ai(z) > 1oV exp (—22%%) if z>1.

These estimates are used to set the initial value of wprec. When z < 0, we initially
suppose that Exp(Ai(x)) > —10. More precisely, we use a variable assumedExp to remember
this assumption (initially assumedExp = 10).

Representing the condition number by a variable cond, and using Fact [1| we can set

{cond:O it |x] <1

cond = [2logy(e)a®/?] — 28| 1 if |z > 1.
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Using Fact [3, we can set the initial value of wprec the following way:

wprec = prec + 1 + 4 + [log,(prec)] + cond + assumedExp if <0
wprec = prec + 1 + 4 + [log,(prec)| 4+ cond + 3 if 0<z<1

wprec = prec + 1 + 4 + [log,(prec)] + cond + 2 + [2log, (e)z/?] + (%1 it z>1.

When the algorithm exits the loop (line [22| of the algorithm), several cases are possible:

e correctBits can be negative: this typically happens when z > 0 and the Ai(x) is
almost zero. In this case, the initial assumption that Exp(Ai(x)) > —presumedExp is
false and wprec was badly chosen. This is not due to a bad case in Ziv’ strategy. We
choose to double assumedExp and set the new value of wprec as

wprec = prec + 1 + 4 + [logy (k)| + cond + assumedExp;

e correctBits can be positive but smaller than prec. The cause of this phenomenon is
the same as in the previous case. However, since we have at least one correct bit, we
get an important information: s is a first approximation of Ai(x). Hence we do not
rely on assumedExp for choosing the new value of wprec:

wprec = prec + 1 + 4 + [log,(k)| + cond — Exp(s);

e finally, if correctBits > prec but if we cannot round, it means that we really are in a
bad case of Ziv’ strategy. In this case, we update prec (according to the usual MPFR
strategy) and we recompute a new working precision from it: as in the previous case,
we can rely on Exp(s). The only unknown is the new truncation rank. We assume
that it will not be multiplied by more than 4 and we set:

wprec = prec + 1 + 4 + [log,(4k)] + cond — Exp(s).

4.34. Radix Conversion. The mpfr_get_str function with size 0 and base b chooses an
output precision of 1 + [elog(2)/log(b)] for a precision of e bits if b is not a power of two
[T7]. However, the code uses instead 1 + [ey], where y is an upper 76-bit approximation of
log(2)/log(b). When do both values differ? In the case b = 2%, the worst case is when the
first output digit contains only one significant bit, thus 1+ [(e — 1) log(2)/log(b)| digits are
necessary, and also sufficient.

Let y be the 76-bit upper approximation of z = log(2)/log(b). Both values differ when
there is an integer n such that ze < n < ye, i.e., x < n/e < y. This means that n/e is a better
approximation of x than y. Let p/q be the first convergent of = such that |z —p/q| < |z —1y]|,
then necessarily e > q.

Example: for b = 10 we have

45490366779583341627641
y = 277 )

with |z — y| &~ 0.3-2723. The first convergent such that |z — p/q| < |z — y| is p/q =
174131244785/578451474249, and thus for e < 578451474249 the formula 1+ [ex] is correct.
In fact for e = 578451474249 it is exact too, since p/q < z. To improve the bound we can
consider semi-convergents (px_1+apy)/(qr—1+aqy) with a = 1,2, ..., where py/qr = p/q here.
In this example this gives the bound e < 1074541795081 for a = 1. We get the following

bounds (for powers of two there is no error), checked independently by Mark Dickinson:
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3, 975675645481

5, 751072483167

6, 880248760192

7, 186564318007

9, 1951351290962
10, 1074541795081
11, 890679595344
12, 727742578896
13, 1553566199646
14, 253019868939
15, 947578699731
17, 628204683310
18, 2280193268258
19, 2290706306707
20, 645428387961

21, 500866275153
22, 1148143737877
23, 2963487537029
24, 930741237529
25, 751072483167
26, 1973399062219
27, 1193652440098
28, 319475419871
29, 1645653531910
30, 1190119072066
31, 2605117443408
33, 1138749817330
34, 1611724268329
35, 820222240621
36, 1760497520384

37, 1412595553751
38, 2296403499681
39, 227010038198
40, 3574908346547
41, 458909109357
42, 1385773590791
43, 945885487008
44, 1405607880410
45, 421759749499
46, 376795094250
47, 1352868311988
48, 1133739896162
49, 186564318007
00, 842842574535
51, 1435927298893

The smallest bound is e = 186564318007 for b = 7 and b = 49.

52, 4234025992181
53, 1114714558973
54, 653230957562
55, 1113846215983
96, 385930970803
57, 676124411642
58, 330079387370
59, 276902299279
60, 2304608467893
61, 1364503143363
62, 414481628603

4.35. Summary. Table [I| presents the generic error for several operations, assuming all
variables have a mantissa of p bits, and no overflow /underflow occurs. The inputs u and
v are approximations of x and y with |u — z| < k,ulp(v) and |v — y| < k,ulp(v). The
additional rounding error ¢, is 1/2 for rounding to nearest, and 1 otherwise. The value ¢

equals 1 & k,217P.

| w Jer(w)/ulp(w) <cp + ... special case |
o(u+v) ki 26v 6w 4k, 260w ky + ky if uv >0
o(u-v) | M+cky+ A +chky, |2k, +2k, ifu>z,v>y
o(1/v) 4k, 2k, ifv <y
o(u/v) 4k, + 4k, 2k, + 2k, if v <y
o(vu) 2]%/(1"‘\/5) ku ifu <z
o(e*) eku2 P et 20tk ifu >
o(log u) k21 ew

TABLE 1. Generic error

Remark : in the addition case, when uv > 0, necessarily one of 2°#7“» and 2°7° is less
than 1/2, thus err(w)/ulp(w) < ¢, + max(ky + ky /2, ku/2 + ky) < ¢ + Smax(ky, k).

5. MATHEMATICAL CONSTANTS

5.1. The constant 7. The computation of 7 uses the Brent-Salamin formula
2

="

D )
where p = AGM( 5 1) is the common limit of the sequences ap = 1,by = \%,akﬂ =
(ak + br)/2,bps1 = \/akbk, D =1 -3 2" (aj —b}). This formula can be evaluated
efficiently as shown in [23], starting from ay = Ag = 1, By = 1/2, Dy = 1/4, where A and

By, represent respectively a; and b7 (see [2] for a formal proof of the error analy51s)
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Sk+1 < (Ak + Bk)/4

by, < /By

Qg1 < (ak + bk>/2

f4k+1 — ai

Biy1 < 2(Agq1 — Skr1)

Dy ¢ Dy — 25(Apy1 — Brpa)
For each variable x approximation a true value &, denote by €(x) the exponent of the maximal
error, i.e. x = Z(1+0)° with |e] < €(x), and § = 27P for precision p (we assume all roundings
to nearest). We can prove by an easy induction that e(ay) = 3-2*1 — 1 for k > 1,
€(Ax) =3-2F — 1, €(By) = 6 - 28 — 6. Thus the relative error on By, is at most 12 - 287 —
assuming 12 - 2P < 1 — which is at most 12 - 2*ulp(By,), since 1/2 < By,

If we stop when | Ay, — By| < 2877 where p is the working precision, then |u?— By| < 13-2~P,
The error on D is bounded by Z?:o 29(6-2FP+12.287P) < 6-2%7P*2 which gives a relative
error less than 2%*~P*7 since D, > 3/16.

Thus we have 7 = g’éif)) with [e] < 13-287P and |¢/| < 22~P*+7. This gives m = Z£(1+¢€”)
with |¢’] < 2e + ¢ < (26 + 28+7)2k—P < 22h—P+8 asguming |€/| < 1.

5.2. Euler’s constant. Euler’s constant is computed using the formula v = S(n) — R(n) —
log n where:

_ i nF(—1)k-1 R(n) = /°° expi—u)d exp(— Z k'

k=1 k=0

This identity is attributed to Sweeney by Brent [5]. (See also [25].) We have S(n) =
F5(1,1;2,2; —n) and R(n) = Ei(1,n).

EVALUATION OF S(n). As in [5], let o ~ 4.319136566 the positive root of a + 2 = alog a,
and N = [an]. We approximate S(n) b

k=1
The remainder term S(n) — S’(n) is bounded by:
k

= n
S() <2
E=N+1
Since k! > (k/e)*, and k > N + 1 > an, we have:

1S(n) — 5" (n)] < k;ﬂ <%>k < 2 <§)k <2 (g)N < 2e2n

since (e/a)® = e 2.

To approximate S’(n), we use the binary splitting method, which computes integers T’

and @ such that S'(n) = % exactly, then we compute ¢t = o(T), and s = o(¢/Q), both with

rounding to nearest. If the working precision is w, we have t = T'(1+6;) and s = t/Q(1+6s)
where |0;| < 27%. If follows s = T/Q(1 + 61)(1 + 05), thus the error on s is less than 3 ulps,
since (14+27)2<1+43-27>.
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EVALUATION OF R(n). We estimate R(n) using the terms up to k = n — 2, again as in [5]:

[\

n—

k!
(=n)*

/ e_n
Rn) ==

k=0

Let us introduce I, = fnoo e;—:du. We have R(n) = I; and the recurrence [}, = en_: — klyyq,
which gives

=

S
I
+

(—=1)" " (n — D)I,,.

Bounding n! by (n/e)"y/2m(n + 1) which hold for n > 1, we have:

n! [ e™ n"! -
_ R = - D, < — < 2 1
Bn) = Rn)| = (n =DM < 5 | 2ndu < = /on(n 4 D gy

n

and since \/27(n+1)/(n—1) <1 forn > 9:
|R(n) — R'(n)] <e ™ forn >9.

Thus we have:
|y —S'(n) — R'(n) —logn| < 3e™®" forn>9.
To approximate R'(n), we use the following:
m < prec(z) — [ ]
a 2™
s+ 1
for k from 1 to n do
a < L%J
s+ s+ (—1)*a
t <+ |s/n|
T t/2m
return r = e~

"x

The absolute error €, on a at step k satisfies e, < 1+ k/ne,_1 with g = 0. As k/n < 1, we
have €, < k, whence the error on s is bounded by n(n+1)/2, and that on ¢t by 1+ (n+1)/2 <
n+ 1 since n > 1. The operation = < ¢/2™ is exact as soon as prec(x) is large enough, thus

n

the error on z is at most (n + 1) 555y If €™ is computed with m bits, then the error on it
is at most e~"2'~™. The error on r is then (n + 14 2/n)27P*® 4 ulp(r). Since z > Zn for
n > 2, and 227P"(®) < ylp(x), this gives an error bounded by ulp(r)+(n+1+2/n)3-ulp(r) <
4ulp(r) for n > 2 — if prec(z) = prec(r). Now since r < <= < & that error is less than
ulp(1/2).

FINAL COMPUTATION. We use the formula v = S(n) — R(n) — logn with n such that
e=2" < ulp(1/2) = 277", f.e. n > preci%2:

3Formula 6.1.38 from [I] gives ! = V272 +/2¢=* 15 for z > 0 and 0 < 6 < 1. Using it for z > 1, we
have 0 < % <1,and e <142t for 0 <t <1, thus (z!)? < 2ma*e 2" (z + 1).
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s < S'(n)
¢« log(n)
r < R'(n)

return (s — ) —r

Since the final result is in [1,1], and R'(n) < <=, then S’(n) approximates logn. If the
target precision is m, and we use m + [log,(prec)| bits to evaluate s and ¢, then the error
on s — ¢ will be at most 3ulp(1/2), so the error on (s — ¢) — r is at most 5ulp(1/2), and
adding the 3e™?" truncation error, we get a bound of 8ulp(1/2). [FIXME: check with

new method to compute S]

5.2.1. A faster formula. Brent and McMillan give in [6] a faster algorithm (B2) using the
modified Bessel functions, which was used by Gourdon and Demichel to compute 108,000,000
digits of v in October 1999:
So —

fo
where Sy = > 07, (T;jk Hy, Hy, =1+ 5+ -+ % being the k-th harmonic number, K, =

_on [(2k oo p2k
e D eo(— ) §(§4nm and Io = Zk:OW'

We have Iy > \/?Ln (see [6] page 306). From the remark following formula 9.7.2 of [1], the

v = — logn,

remainder in the truncated expansion for Ky up to k does not exceed the (k + 1)-th term,
whence Ko < \/7re™" and §2 < we™*" as in formula (5) of [6]. Let Iy = A % with
= [pn], and S is the root of S(log 3 —1) =3 (8 ~ 4.971...) then
5 6—6n
Iy —TI)| < .
o 0|_27T(B2—1) n

Let K = \/Ze™" S =1k %, then bounding by the next term:
8n+1)e ™ 1e 0

Ky, — K| < < = )
|0 0‘_16\/571 n —2n

1 e 67 T
S S _G—Sn'
2l n n

Let S/ = S K71 "Qk Hk, then usin ’““ < £l and the same bound K than for I’ (4n <
0 k=1 8 2 0
K <b5n), we get

We get from this

B 676n

!

— H )

R T

We deduce:
So S 3 Vimn B g
2020 cpdngp YV RT < omdn
Iy I = Kﬁ(ﬂg—l)n =

Hence we have
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5.3. The log2 constant. This constant is used in the exponential function, and in the base
2 exponential and logarithm.
We use the following formula (formula (30) from [I1]):

3 n!?
log2=-)% (-1)'————.
zi%é% 91(2n + 1)
Let w be the working precision. We take N = |w/3] + 1, and evaluate exactly using binary

spitting:
N-1

12
51 LV T
n>0 n+ 1!
where T and () are integers. Since the series has alternating signs with decreasing absolute
values, the truncating error is bounded by the first neglected term, which is less than 273V~!
for N > 2; since N > (w + 1)/3, this error is bounded by 27%~2.
We then use the following algorithm:
t < o(T) [rounded to nearest|
q < o(Q) [rounded to nearest|
x < o(t/q) [rounded to nearest|
Using Higham’s notation, we write t = T(1 + 61), ¢ = Q(1 + 63), x = t/q(1 + 03) with
6;] < 27*. We thus have z = T/Q(1 + 6)* with || < 27. Since T/Q < 1, the total
absolute error on z is thus bounded by 3|0] 4+ 36% + |0]> + 272 < 272 a5 long as w > 3.

5.4. Catalan’s constant. Catalan’s constant is defined by

(D"

G = —_—

2 okt 1y

k=0
We compute it using formula (31) of Victor Adamchik’s document “33 representations for
Catalan’s constant”[}
3

Gz%log(?—l—\/g)-l-g

(k)?
(2k)1(2k + 1)2°

NE

k=0
Let f(k) = %, and S(0,K) = S0 f(k), and S = S(0,00). We compute S(0, K)
exactly by binary splitting. Since f(k)/f(k —1) = % < 1/4, the truncation error on

S is bounded by 4/3f(K) < 4/3 - 47K. Since S is multiplied by 3/8, the corresponding
contribution to the absolute error on G is 27251, As long as 2K + 1 is greater or equal to
the working precision w, this truncation error is less than one ulp of the final result.

K« [#3]

T/Q «+ S(0, K) [exact, rational]

T «+ 3T [exact, integer]

t < o(T) [up]

q + o(Q) [down]

s < o(t/q) [nearest]

‘https://web.archive. org/web/20090624123133/http://www-2.cs.cmu.edu/~adamchik/articles/
catalan/catalan.htm
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z ¢ o(V/3) [up]
y < o(2+ x) [up]

z <= o(logy) [up]

u < o(m) [u

v o(uz) [nearest]

g < o(v + s) [nearest]
Return g/8 [exact].

The error on ¢t and q is less than one ulp; using the generic error on the division, since t > T'
and ¢ < @, the error on s is at most 9/2 ulps.

The error on x is at most 1 ulp; since 1 < z < 2 — assuming w > 2 —, ulp(z) = 1/2ulp(y),
thus the error on y is at most 3/2ulp(y). The generic error on the logarithm (§2.9) gives
an error bound of 1 + % . 92-Exp(2) — 4 ulps for z (since 3 < y < 4, we have 1 < z < 2,
so Exp(z) = 1). The error on u is at most 1 ulp; thus using the generic error on the
multiplication, since both v and z are upper approximations, the error on v is at most 11
ulps. Finally that on g is at most 11 +9/2 = 31/2 ulps. Taking into account the truncation
error, this gives 33/2 ulps.
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